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1. Introduction 
PLh ■ 1 

^ I The Kato smoothing effect for Schrodinger equations has received much attention 

. during the last years. See Constantin-Saut [C-S], Sjohn [Sj], Vega [V], Yajima [Y] for the 

■ case of the flat Laplacian in R*^. It has been successively extended to variable coefficients 
operators by Doi (see [Dl], [D2]) and to perturbations of such operators by potentials 
growing at most quadratically at infinity (see Doi [D3]). The aim of this paper is to con- 

^ ■ sider exterior boundary value problems for variable coefficients operators with unbounded 
potentials. The case of potentials decaying at infinity has been considered by Burq [Bl] 
I using resolvent estimates. 

Our main smoothing estimate is proved by contradiction. The idea of proving estimates 
by contradiction (with the appropriate technology) goes back to Lebeau [L] and it has 
been subsequently used with success by several authors, (see e.g. Burq [B2]). 
, In this paper, some ideas of Gerard-Leichtnam [G-L], Burq [B3] and Miller [Mi] will be 

S ■ also used. 

■ Let us briefiy outline how this method applies here. Assuming that our estimate is false 
^ ■ gives rise, after renormalization, to a sequence {uk) which is bounded in L^^^([0,T] x M*^). 

c3 ■ To a subsequence we associate a microlocal semi-classical defect measure in the sense 
of Gerard [G]. Then, roughly speaking, there are three main steps in the proof. First 
11 does not vanish identically. Moreover 11 vanishes somewhere (in the incoming region). 
Finally the support of ^ is invariant by the generalized bicharacteristic fiow (in the sense 
of Melrose-Sjostrand [M-S]). Since one of our assumptions (the non trapping condition) 
ensures that the backward generalized fiow always meet the incoming region (where 11 
vanishes) we obtain a contradiction thus proving the desired estimate. 
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Let us now describe more precisely the content of each section. 

In the next one we describe the assumptions and state the main result of this paper. In 
the third section we begin our contradiction argument and we show in the next one how to 
obtain a bounded sequence in L'^{[0,T],Lf^^{R'^)). Then in the fifth section we introduce 
the semi classical defect measure fi and we state without proof the invariance of its support 
by the generalized Melrose-Sjostrand bicharacteristic flow. In the next section we show 
that /U does not vanish identically while in section seven we show that fi vanishes in the 
incoming region. In the section eight we end the proof of our main result by achieving a 
contradiction. Finally in the appendix (section nine) we recall the geometrical framework 
we prove the invariance of the support of /x and we end by proving some technical Lemmas 
used in the preceeding sections. 

Aknowledgments : The authors would like to thank Nicolas Burq for useful discussions 
at an early stage of this work. 

2. Statement of the result 

Let K he a, compact obstacle in M.'^ whose complement 11 is a connected open set with 
boundary dfl. 

Let P be a second order differential operator of the form 

d \ Q 

(2.1) P= J2 Dj{a^\x)D,)+V{x) , Dj 



whose coefficients a^^ and V are assumed (for simplicity) to be in C°°{0.), real valued and 



a^'' = a 



l<j,k<d 
We shall set 

d 

(2.2) p{x,0= E 

j,k=i 

and we shall assume that 

(2.3) 3 c> : p{x, ^) > c , for x in H and ^ in M^. 

To express the remaining assumptions on the coefficients we introduce the metric 

where ( ■ ) = (H~|-|^ )^^^ and we shall denote by Sii{M, g) the Hormander's class of symbols 
if M is a weight. Then a G Sn{M,g) iff a e C°°(n x R'^) and for all a, P in N'^ one can 
find Ca,)3 > such that 
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for all X in Q and ^ in 
Next we assume 



(2.5) 



(i) a^'' e Sn{l,g), V^a^^{x) ^ oi^-^^ |a;| ^ +00, l<j,k<d. 
(a) V e Sq[{x)'^ , g), V > —Co for some positive constant Cq. 



Under the assumptions (2.3), (2.5) the operator P is essentially self adjoint on |tt G 
C^(fi) : u\gQ = 0}. We shall denote by Po (D means Dirichlet) its self adjoint extension. 
Let us describe now our geometrical assumptions. We shall assume 

{the generalized bicharacteristic flow (in the sense of 
Melrose-Sjostrand) is not backward trapped. 

This assumption needs some explanations. Let M = O x Mt. Let us set T^M = T*M \ 
{0} U T*dM \ {0}. We have a natural restriction map tt : T*MjJ:^ \ {0} T^M which 

is the identity on T*Mj^+^ \ {0}. 

Let S = {(x,t,,^,r) e T*M^+i \ {0} : x eQ, t E [0,T], r + p(x,0 = O} and = 7r(E). 
For a G the generalized bicharacteristic r{t, a) lives in (see section 9.1 for details). 
Then (2.6) means the following. 

For any a in S5 there exists sq such that for all s < sq we have r(s, a) C T*M \{0}, then 
r(s,a) = {x(s),t,^(s),T) where (x(s),^(s)) is the usual flow of p and lim \x(s)\ = +00. 

8—>- — 00 

We shall need another assumption on the flow whose precise meaning will be given in 
the appendix, section 9.1, Definition 9.3. 



The bicharacteristics have no contact 
of infinite order with the boundary dfl 



(2.7) 

Now we set 

(2.8) Ad= ((l + Co)ld + Pz,) 



1/2 



which is well defined by the functionnal calculus of self adjoint positive operators. 
We shall consider the problem 



(2.9) 



( du 
i — + Pdu = 0, 
ot 



where uq G L^(f2). 

Then we can state our main result. 
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Theorem 2.1. Let T > 0, x & C^i^), s e [ - 1, l]- Let P be defined by (2.1) satisfy- 
ing the assumptions (2.3), (2.5), (2.6) and (2.7). Then one can find a positive constant 
C{T, x,s) = C such that 



(2.10) 



L2(n) 



dt <C||A>o||i2 



for all uq in C^{fl), where u denotes the solution of (2.9). 

Here are some remarks 
Remarks 2.2. 

(i) Theorem 2.1 can be extended to operators of the form 

d 

P= Yl (^j - bj{x))a^\x) {Dk - bk{x)) + V{x) 
j,k=i 

where bj e Sq({x) ,g). 

{ii)In the case O = M'^ the above result has been proved by Doi [D3]. 
{in) Without lack of generaUty one may assume s = in the theorem. 
Moreover working with u{t) = c~^^^~^'^°^^u{t) one may assume V > 1 in (2.5) (ii) and 

1 /2 

Ad = Pj-I which we will assume in that follows. 

3. The contradiction argument 

Our goal is to begin the proof by contradiction of Theorem 2.1. We shaU first consider 
a version of the estimate which is locaUzed in frequency. 

Let T > and / = ]0,T[. Let 9 E C§°(R) be such that supp^ C |i : ^ < \t\ < 2|. 

Theorem 3.1. Let xo e Cq" {R'^) be Gxed. There exists C > 0, Hq > such that for aU h 
in]0,ho[ we have 



(3.1) 



xoe{h'PD)p'J\{t) 



< C ||tto||r2 



L2(n) 



for all Uq e L2(f]). 

Here dih^Po) is defined by the functionnal calculus of selfadjoint operators. 
Recall that K is our compact obstacle. We take i?o > 1 so large that 



(3.2) 



K^{xeW : \x\ 
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<Rq]. 



Let Ri > Rq be such that suppxo C {x e 
that < xi < 1 and 



|a;| < Ri}. Let xi e C^(M^) be such 



(3.3) 



Xi{x) = 1 if \x\<Ri + 2 
suppxi C {x : \x\ < i?i + 3}. 



Then XoXi = Xo- Moreover let us set 



(3.4) 



9i{t) = t'^9{t), d2{t) = t ^e{t). 



It is easy to see that (3.1) will be implied by the following estimate. 

3C>0,3/io>0 : V/i e ]0,/io[,Vwo e C^(n), 



(3.5) 



Xih Hi{h^PD)uit) 



L2(n) 



dt < C\\uo\ 



L2 • 



We shall prove (3.5) by contradiction. Assuming it is false, taking ho — C — k ^ N*, 
we deduce sequences (hk) ^ 0, e C^(n), such that 



T -1 2 

XiK ^Oi{hlPD)uk{t) ^^^^^dt >k\\ul\\l. 



It follows that the left hand side does not vanish. Therefore if we set 



(3.6) 



we see that 



(3.7) 



T 



'0 
1 



Xh^' e,{hlPn)ukit) 



L2(n) 



dt > 0, 



_ 1 

Wk = h^ ^ 6i{hlPD)uk, 



/ \\XiWk{t)\\\2(^)dt = l, 

J 



4. The sequence {wk) is bounded in L'^{R,L 

We shall prove in this section the following result. 



2 

loc 
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Proposition 4.1. For any x £ Cq°(W^) one can End a positive constant C such that 



(4.1) £ \\xwk{t)\\l.^a)dt < C 



for all k>l. 



Proof 



We begin by extending to the whole the operator P given in (2.1). 
Let X2 e Co° (^'^) be such that < X2 < 1 and 



(4.2) X2{x) = 1 if < Rq, X2{x) = if > i?o + 1- 
Then we set for a; e R'^, 

d d 

(4.3) ^ = E Dj{x2SjkDk) + E ((1 - X2)a'''{x)Dk) + X2 + (l - X2)V 

j,k=l j,k=l 

where Sjk denotes the Kronecker symbol. 
The principal symbol of P is 



(4.4) 



a'\x) = X2{x)Sjk + (1 - X2{x))a^^{x) 



According to conditions (2.2), (2.5), (2.6) we have the following. 



(4.5) 



' (i) P = P if |a;| >Ro + l, 

(ii) p{x,^)>d\^\\xeR'^,^eR'^,c>0, 

(m) P'' e S^4l,g) = S{l,g), Va;F''=(a;) = o{ la;]"^ ), |a;| ^ +oo, 

(iv) V = X2+{l-X2)VeS{{x)\g) andy >1, 

, (v) The flow of p in non trapping. 



Let X3 e Co°(^ ) be such that < X3 < 1 and with i?i defined in (3.3), 

(4.6) X3{x) = 1 if < i?i + 1, Xsix) = if \x\ >Ri + 2. 
Then, according to (3.3), we have for a 0, 

(4.7) suppa^xs C {a; : R^ + 1 < \x\ < Ri + 2} G {x : xi(a^) = l}- 
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Moreover since i?i > Rq (see (3.2)) we have 

(4.8) supp (l - xs) C {x : \x\ > i?o + l}- 
It follows from (4.5) (i) that 

(4.9) P = P on supp (1 - xs)- 
Now with Wk defined in (3.6) we set, 

(4.10) Uk={l-X3)wk. 
Then we have 



(4.11) 



f {Dt-P)Uk = Gk 

Gk = [P,X3]wk 



According to conditions (ii) to (v) in (4.5) we may apply Theorem 2.8 in [D3] with s = 
It follows that for any x £ Cq^ {^^) and any u > we have, 



(4.12) 





2 r'^ 


E iUk{0) 


L'^ Jo 


2 





{x) ^ E_iGk{t) 



L2 



dt 



where Es is the pseudo-differential operator with symbol es{x, $,) = (1 +p{x, ^) + |a;| ) 
which belongs to ^ (( |^| + (x) Y ,g)- 

To handle the first term in the right hand side of (4.12) we shall need the following 
Lemma. 

1 

Lemme 4.2. Let Q ^ {l - X3)A-i where A^i e OpS (^{\^\ + {x))'^ , gY Then Q is 
bounded from L'^(R'^) to L^{n). 

Proof 

1 

Let V{Q) = {u e Hq{Q) -.V^ue L'^{^)} endowed with the norm || u \\1>^q^ = \\ u ||^i + 



II y ^tt ||;^2. It is well known that V{Q) is the domain of and that || u ||v(q) is equivalent 

1 1 

2 — 

to II ||L2(n)- Moreover since \V\'^ <C (x) we have, 

'1 - X3)/||v(n) < (ll / \\H^iR'i) + ll(a;) /|L2(Rd)) 
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whenever the right hand side is finite. 
It follows that we can write 



WQuWl^q) < Ci 11(1 -X3)^-iw||y(f2) < C2 (\\A-iu\\^,^^d^ + ||(a;) A_iu||^2(Rd) 

<C3||« 



□ 



Now let us set ® = 



E iUk{0) 



According to (4.11) we have, 



® <C 



E ^{l-Xz)K^O^{hlPD)ul 



L2 



= c 



E ^{l-Xz)Ple{hlPD)ul 



2 

L2 



Introducing S — E 1 (l — Xsj-Po '^^^ write 

® <c [se[hlPo)ulse[hlPn)ul) = {e{hlPD)s*se{hlPn)ulul) 



®<c \\e{hlPo)s^se{hlPn)ul\\^, \\ul\ 



L2 



Now 



11 1 _1 1 

4 7-,2 /-, \ A r-, \ T-,4 n 4^/1 \ n4 



5*5 = (1 - X3)A_i(l - Xs)Pd = Pd - Xs)Pd 

where Q has been defined in Lemme 4.2 and A_i = E* ^E ^ . 

Using (3.4) we obtain 



hte2{hlPn)Qh, (1 - X3)^i(/^^Pd)^I^ 



L2 



«° IU2 



Since the operators 9j (/i^Po), j = 1, 2, are uniformly bounded in L^(ri), using Lemma 4.2 
and (3.7) we obtain 



(4.13) 



E_iUk{0) 
2 



<c||2°fe|ii.(n)<c 



with a uniforn constant C > 0. 

We claim now that we have (see (4.11)), uniformly in A; > 1, 



(4.14) 



i+i^ 



x) 2 E_iGk{t) dt = 0(l). 



L2(IRd) 



By (4.7) we can write Gk = Xajxi'^'/c- Moreover the symbolic calculus shows that the 
symbol of [P, xs] belongs to S I -^^y^, 



It follows that the symbol of (x ) ^ [P, Xs] belongs to S{M, g) where 

This operator is therefore bounded, so using (3.7) we obtain 

Jo L2(M'') Jq 

which proves (4.14). 

Using (4.10), (4.12), (4.13) and (4.14) we conclude that 

(4.15) £ ||x(l - X3)wk{t)\\l,^^^ dt = 0{1). 

Since by (3.7) we have J \\xiWk{t)\\j^2(^Q^dt = 1 and since by (3.3) and (4.6) we have 
Xi + (l — Xs) > 1 we obtain (4.1). The proof of Proposition 4.1 is complete. 

5. The measure /i and its properties 

We shall set 



(5.1) 



w^{t) = lnwk{t), 

Wk = t[0,T]Wk. 



It follows from Proposition 4.1 that the sequence (Wk) is bounded in (Rf, Lf^d^^))- 

Now to a symbol a = a (a;, t, ^, r) e (T*M<^+i) we associate the semi-classical pseudo- 
differential operator (pdo) by the formula 

Op{a) (x, t, hD^, h^Dt)v{x, t) = 

(5.2) 



(27r/i)-('^+i) jj e\~^^^')^{y)a{x,t,^,T)v{y,s)dydsdidT 



where (p e Cq" (M ) is equal to one on a neighborhood of the x-projection of the support 
of a. 

We note that by the symbolic calculus the operator Op{a) is, modulo operators bounded 
in by independant of the function ip. The following result is classical and 

introduces the notion of semi-classical defect measure. 
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Proposition 5.1. There exists a subsequence (W^.^/,)) and a Radon measure ji on T*W^'^^ 
such that for every a e C^(T*R'^+i) one has 

feii+oo (^^'(^)(^'^' ^<^(k)Dx,hl^^)Dt)W^^k),W^{k)) ^^^^^^^^ = {f^,a)- 

Here are the two main properties of the measure // which wiU be used later on. 
Theorem 5.2. The support of ji is contained in the set 

S = {(x,t,^,T) e T*M^+^ \ {0} : xen,te[0,T] andT+p{x,^)^0}. 

Proof 

See section 9.2 in the appendix. 

To state the propagation result let us recall some notations. Let M 

T^M = T*M \ {0} U T*dM \ {0}. 
We have a natural application of restriction 

TT : T*Mf±^ \ {0} ^ T:M 

which is the identity on T*M|^^^ \ {0} (see section 9.1 for details). 

With E defined in Theorem 5.2 we set T,}, = 7r(E). The measure fi has its support in 
E C T*Mj^t,^ \ {0} while for C G Sf, the generalized bicharacteristic r{t, Q lives in S^. 

Then we can state an important result of this paper. 

Theorem 5.3. Let C ^ '^b ^nd si, S2 G I^- Then we have 

7r"^(r(si,C)) nsupp/i = <s=^ 7r-^(r(s2,C)) nsupp/i = 

For the proof, see the appendix, section 9.2. 

6. The measure // does not vanish identically 

The purpose of this section is to prove the following results. 

Let A > 1, i? > 1, ipA e C^(K), e C^(M) be such that < V'A, < 1 and 

(6.1) Va(t) = 1 if |t| < A, ^R(t) = 1 if \t\ < R. 
Proposition 6.1. There exist positive constants Aq, Rq, ko such that 

(6.2) ^ ||V'A(/i'feA)$i?(/i'feA)l[o,T]Xi«^fc(^)||l2(K.)d^ > I, 
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□ 

= QxRf We set 



when A > Aq, R > Rq, k > ko. Here xi, "MLk have been dehned in (3.3), (5.1 ) and A is the 
usual Laplacien. 

Corollary 6.2. The measure ji dehned in Proposition 5.1 does not vanish identically. 
Proof 



Let xi e be such that xi = 1 on suppxi- Let (p = ip{t) e C^{R) and 

a{x,t,^,T) = ip{t)xl{x)^|;\{T)^l{\^\'')xl. It follows from (6.2) that 

(a(a;,t,/ii:>a;,/t^i:>t)xiI[o,T]W!fc(t),I[o,T]W!fc)i2(Kd+i) > ^• 

Since the left hand side with the subsequence a{k) tends to {/J,-, a) when k +oo the 
Corollary follows. 



□ 



Proof of Proposition 6.1 

We shall need the following Lemma. 
Lemma 6.3. Let 9 eC^(R), 



Then there exists C > such that 



lL2(n) 



u 



lL2(n) ' 
< C\\ u ||L2(n), 



(i) \\[e{h''Po),x]u\\^.^^^<c\\hu\\l,^^y 

(ii) \\dje{h^PD)u\\l.,^. < C \\h-^u\ 

{in) \\d,[e{h'PD).x\ 

for all j = 1, ■ ■ ■ , d, h > and u e L'^{VL). 
Proof 

See the Appendix, section 9.3. 



Let us set 
(6.3) 

Then e 



□ 



/ = (Id - ^A{h'^Dt)) I[o,T]XiWfc 
I-V'(t) 



and 



i^{T) < for all T e 



Now we can write / = V(/^'fe-Dt)/ife-Dt(l[o,T]Xi'"^fe)- Using (3.6) and the fact that 
DfUk — PoUk we deduce that 

/= ®+ (D 

® = -i^{hlDt)xihl{wkiO)St=o - Wk{T)5t=T) 



(6.4) 



I ® = -i^{hlDt)l^o,T]XihlPDh^ ^e,{hlPD)uk. 
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Estimate of ® 

If a e M, we have ^{hlDt)St=a = ^ (•0(/i|T)e- 



so by Parseval formula we have 



L2(M) 



IV'aM-II 



-dr 



It follows from (3.6) that 

Applying the energy estimate and (3.7) we obtain 

(6.5) / II ®||i.dt < Chk\\ul\\l,^o{l). 

Estimate of (D 

Let 9 e Co°(K) be such that ^ = 1 on the support of di. Then we can write with 
^i(t) = t9{t) 

1 

(D = -i^ihlDt) [xiMhlPo]] l]o,T]h, ^e,{hlPD)uk - i^{hlDt)ei{hlPD)l[o,T]XiWk{t) 
Using Lemma 6.3 (z) and the fact that, 



uniformly in k we obtain, 



>L2(R) ^ [ A ' ' 



0{1) 



C 



T i 

2 



dt + 

LH^) JO 



\\XiWk{t)\\L2^Q) dt 



Using the energy estimate and (3.7) we deduce that 



(6.6) 



^11 ®\\hin)dt^o{l) + o(j 



Taking k and A sufficiently large and using (3.7), (6.3), (6.4), (6.5), (6.6) we obtain 



(6.7) 



2 J- 
||V'A(/tfcA)l[0,T]Xl«^fc(^) 11^2(0) ^ 2" 
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Now with defined in (6.1) we set 



(6.8) U = h,^Id-^R{hlA))^{;A{hlDt)l[o,T]XlWk{t). 

Since supp (l — $i?(t)) C {t G M : |t| > i?} we have by Fourier transform 



(6.9) 



C 



Id-$^(/.^A))/.,-^||^,(^,)<-J]||a,.;|e.(«,) , veH\R'). 



Now by (3.6) we have /i^ w^. = hj^ ^Vj^, Vk = 9i{h\PD)uk- 
Thus applying (6.9) we obtain 



2 

L2(K<i) 



Since Vk £ Hq (il) we have 



It follows that 



C f 

II||i2(Kd)dt < —Y^^jJ\djipA{hlDt)l[o,T]XiVk\ 



L2(n) 



dt 



Let 6 e C^(M.) be such that 9 = 1 near the support of Oi. Then (l - 0{t))ei{t) = 0. 
first consider 



(6.10) 



® 



dje{hlPD)MhlDt)l[o,T]XiVk 



1,2 (Q) 



dt. 



Using Lemma 6.3 (u) we obtain 

® < ||V'^(/.2,A)^fe'l[o,T]Xi^fe(*)||l.(o) < c'J^ 



hk XiWk{t) 



L2(n) 



dt 



so by (3.6) we obtain 
(6.11) 

It remains to consider 
(6.12) (D = 



(D<C'h-\ 



dj (Id - e{hlPo)) i^A{hlDt)^^^T]XiVkit) 
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L2(n) 



dt. 



Since Vk{t) = di{hlPD)uk and {id - 9{hlPD)^ diihlPo) = we obtain 



2 

dt 

1,2 (n) 



where xi e xi = 1 on suppxi- 

By Lemma 6.3 [iii) we obtain 

®<cJji;A {hlDt) l[o,T]XiOi {hlPD)uk (0 d^- 

Since the operator ipA{h1.Dt) is uniformly bounded we obtain by the energy estimate 



®<c' f wukimi^dt^oii). 

Jo 

It follows from (6.10), (6.11), (6.12) that 

(6.13) / ml.dt < ^(/,-i + 0(l)). 

Using (6.8) we deduce that 

(6-14) ^||(ld-$M(/i^A))V'A(/i'A)l[o,T]Ximfe(t)||l.(K.)dt < ^{l + 0{hk)) 
Taking R sufficiently large and using (6.7) we obtain 



/ 



^4h''A)i;A{h^Dt)l^o^T]Xmkit)\\l2dt > i, 
which is (6.2). The proof of Proposition 6.1 is complete. 

7. The measure n vanishes in the incoming set 

We pursue here our reasoning by contradiction in proving that the measure vanishes 
in the incoming set. Let us state the main result of this section. 

Let P be the operator defined by (4.3) satisfying the conditions (4.5). 

Theorem 7.1. Let mo = (a;o, to, ^o, tq) G T*M'^+^ be such 7^ 0, tq +p{xo,^o) = 0, 

d 

\xo\ > 3i?o, ^ 0,^'^ [xojxoj^ok < — 35|a;o| |^o| (for some S > small enough). Then 

3,k=l 

mo ^ supp jJL 

The rest of this section will be devoted to the proof of this result. II will be a consequence 
of an estimate which will be proved in constructing an appropriate escape function and 
will require several Lemmas. 
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d ^ 

Lemma 7.2. Let us set eo{x,^) — a-''^{x)xj-^-^. Then there exist positive constants 

R, Cq, C\ such that 

Hpeo{x,0 > Co lei - Ci, y{x,0 e T*M^ |a;| > R 
where Hp denotes the Hamiltonian held of P. 

Proof 

It is an easy computation which uses the conditions (ii) and (Hi) in (4.5). 

Lemma 7.3. Under condition (v) in (4.5) there exist e e S({x) , g) and positive constants 
C, C, R' such that 

(a) Hpe{x,0>C\i\-C', V(x, e r*M^ 
[h) e{x,i) = eo{x,i) if \x\>R'. 

Proof See Doi [D3]. 

□ 

The symbol e is an escape function. However it is not adapted to our situation because 



2 



~ f \ X ) \ 

its Poisson bracket with our potentiel V (see (4.5) {iv)) belongs to Sy—j-^y^gj so does 

not correspond to an operator bounded in which will be required later on. We shall 
describe below a construction by Doi [D3] which will take care of this problem. 
Let V e C°°(R) be such that < V < 1 and 

(7.1) ^(t) = 1 if t > 2£, supp t/- C [e, +00 [, V'(^) > Vt e R, 

where £ > is a small constant choosen later on. 
We set 

>o(t) = l-V'(t)-V'(-t) = l-V'(N) 
Mt) = H-t) - i^{t) = -(sgnt)V'( \t\). 
Then ^jj e C°°(M), j = 1, 2, and we have 

i;'o{t)^-{sgnt)i;'{\t\) 
i;[{t) = -i;'{\t\). 
Let X e C°°{R) be such that < x < 1 and 



(7.2) 



(7.3) 



(7.4) x(^) = 1 if t < |, X{t) = if t > p, p > small. 

With e defined in Lemma 7.3 we set 

(7.6) -X=(^^J^)-(M„-(e)-)M^))x( ^''^^ 



{x) \{x)J V J \{x)JJ ^y/p{x,^)' 

where > is an arbitrary small constant and Mq is a sufficiently large constant. 
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Lemma 7.4 ( Doi [D3], Lemma 8.3). 
{i)XeS{l,g) 

{Hi) There exists Mq > such that for any u > there exist C > 0, C' > 



such that — HpX{x, > C {x] 



-l-u 



\X 



+ \i\)-C', V(x,OeT 



*ia>d 



We must now localize this escape function near the incoming set. 
We shall need the following Lemma. Let us set 



(7.7) 



^(^'0 = a^^{x)xjik 
j,k=i 



Let ^0 7^ be defined in Theorem 8.1. 

Lemma 7.5. There exists a symbol $ G 5(1, g) such that < $ < 1 and 

5 1^1 
(i)supp$c{(x,^)eT*M^ : \x\>2Ro, a{x, < -^\x\\C\ , |^| > 

{u){{x,0 : \x\>IRo: a{x,0<-S\x\\C\, 1^1 > ^} C {(x, ^ : $(a:,e) = l}, 

{in) $(a;, = $(x,0 when \hC\ > andO<h<l, 

{iv) Hp^{x, ^) <0 on the support of A, 
{v) X{x, ^) >0 on the support of 

Proof 

Let (fj, j = 1, 2, 3, be such (pj e C°°{R), < (pj < 1 and 



(7.8) 



Let us set 
(7.9) 



(fi{s) = if s < Rq, (fii{s) = 1 if s > -Rq, (fii increasing, 

¥^2(5) = if s > — -(5, '^i{s) = 1 if s < —5, <^2 decreasing, 

1 1 
^3(5) = if s < - l^ol , ^3(5) = 1 if s > - l^ol • 



$(X,0 = V^1(W)V^2 I ^1^3(1^1). 



1^1 \i\ 
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161 



Then (i) and (ii) follow immediatly. Now if |/t^| > ^ 

V2.{h \i\ ) = </73(^) = 1 and {in) follows. 
Let us prove {iv). We have 

a 



then 1^1 > 



2/i 



> 



so 



(7.10) 



a 



a 



^3(iei)i^piei 



<^3(iei), 



a 



1 2 1 

According to (7.4) and (7.5) we have p{x, ^) > (x) >— ^-on the support of A. Therefore 

P P 

we can choose p so small that |^| > k |6| on the support of A. It follows that (I) = 



on this set. Now an easy computation shows that Hp \x\ 
implies that 



2a(x, ^) 



\x\ 



when I a; I > Rq which 



(X) = 2^',[\x\)—^2 



1 



a 



On the support of ip2 we have a < —-^5 \x\ \^\. Since (f'l > 0, (/?2 > 0, (ps > 0, we conclude 
that 

(7.11) ®<0. 

Let us look to (D. First of all we have on the support of $ 



(7.12) 



Since we have (see (4.5)) [a^'^{x)) > C Id, |Vxa''^(x)| = o[\x\ ^ ) as \x\ — + +oo and 
\x\ > Rq on the support of $, taking Rq large enough we obtain by an easy computation 



(7.13) 

We also obtain 
(7.14) 



Hpa{x,^) > Co 1^1 on supp$. 



H. 



+ 



as \x\ +00. 



\x\ 
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It follows from (7.12), (7.13), (7.14) and \a\ < C \x\ \^\ that 



\x\ 



Hp I -TZTui 1 ^ ^0-;^ - 2 ,j ;;3^ + o(i)-;^. 

a , 1 



kliei/" \^\\x\ 



On the support of (fi2 have, by (8.8), —6 < < —2^- It follows that 

|o| < 5 1^1 so 

> 



Moreover on the support of (/?i( ) we have > i?o- So taking Rq large enough and 6 
small, we obtain 



Since, by (7.5), we have <^2 ^ |^| |^| j < 0, we conclude that 
(7.15) © < 0. 

The claim (iv) in Lemma 7.5 follows then from (7.11), (7.15) and (7.10) since (3) = on 
supp A. 

Finally let us look to the claim (v). 

On the support of $ we have \x\ > Rq, \^\ > ^ |^o| and a(x,^) < —2^1x1 |^|. It follows 

that (x) < V2\x\, (O < C\^\ and a{x,^) < -C'5{x){^). Moreover since > Rq, 

(i(x ^) 

taking Rq large enough, we deduce from Lemma 7.3 that e(a;,^) = eo(a;,^) = — ^ ^ ^ by 
(7.7). It follows that < -C'6 which implies that 4i > C'6. Using (7.1), (7.2) and 

[X ) [X ) 



taking e <^ 5 we see that ij^o ( j — ^ V'l ( ) > 0. It follows from (7.5) that 



The proof of Lemma 7.5 is complete. 

□ 

Corollary 7.6. Let Ai = $^A where A has been defined in Lemma 7.4. Then 
(z)Aie5(l,^), 

in) [P,K] - ]op-{Hp\^) e Op-S{l,g), 

{in) There exist two positive constants C, C' such that 
-HpX,>C{x ^\x, ( + lei ) - C'^\x, e). 
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Proof 

(i), (n) follow from Lemma 7.4 and the fact that e S{l,g). Let us look to (iii). We 
have 

-HpXi = ( - HpX)^^ - 2X^Hp^. 

By Lemma 7.5 we have Hp^ < on suppA and A > on supp$. It follows that 
-2A$ifp$ > 0. Thus (iii) follows from (7.6). 

□ 

Let now (xq , Co) be given as in Theorem 7.1. We set 

^(-0,^0) = {(^.6 eT*R^ : \x-xo\ + \C-Co\<eo}. 
Since |a;o| > 3i2o, a(a;o, Co) < —3(5 |a;o| |Co| we can take Eq so small that we will have 

^(.0,^0) C I {x, : |x| > ^Ro, a{x, < -5 \x\ |C| , |CI > ^ 
It follows from Lemma 7.5 (ii) that 

(7.17) ^(,,,5,) C {(a:,0 G : $(x,0 = l}. 

Let b G Co°(^(xo,^o)) be such that b{xo,^o) = 1. It follows from (7.17) that one can find 
C > such that 

(7.18) \b{x,0\ < C^x,0, y{x,0 e T*R^. 

Therefore we wiU have \b{x, h^)\ < C^x, h^) for all {x, C) in T*R'^ and alike] 0, l] . Now 
on the support of b{x,h$,) we have h\^\ > so it follows from Lemma 7.5{iii) that 
$(x,/iC) = 3>(x,C). Therefore 

There exists C > such that 
\b{x,hO\<C^x,0, V(x,OeT*M^ V/ie]0,l]. 
We deduce from Corollary 7.6 (iii) that 

(7.20) -HpX^> C{x)'-''\b{x,hO\^\^\-C', V(x,OeT*]R^ V/ie]0,l] 

Let now mo = (iCOl Coi ''"o) be as in Theorem 7.1. 

Let v?o G C^(M), V e e C^(M^) be such that 

^o(to)^0, V(To)f^O, 

(7.21) ^ , , , , 4 f , , 3 , 

(/?i(a;) = 1 if < -Rq, supp(/?i C < a; : \x\ < -Rq } . 
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(7.19) 



Let 



(7.22) b,{x,0 = b{x,0\^\^ . 

Then bi e Co~ {B{{xo,Co),So)) and bi{xo,Co) ^ 0. 

Finally let us recall for convenience that in (3.6) and (5.1) we have set 

r Wk{t) = I[o,T] Wkit), Wkit) = Inwkit), 

(7.23) I _i 

[ Wk{t) = '^Vk{t), Vk{t) = Oi{hlPD)uk{t). 

Lemma 7.7. We have 



it)iP{hlDt)bi{x, hkD^){l - ipi{x))Wk{t)\\l,^^,^ dt = o(l) as A; ^ +00 



Proof 

With Ai defined in Corollary 7.6 we set 

N{t) = ((M - (1 - <pi)Xr{l - <pi))vk{t),Vk{t))^,^^^ , 

where M is a large constant and Xf the Weyl quantization of the symbol Ai e S{l,g). 
Then there exists C > such that for A; > 1, 

(7.24) \\vkml.^,,^<CN{t). 

Setting A = M — (l — </?i)Af (l — (pi) and (., .) = (., ■)l'^(q) we can write 

^iV(t)= (A^^vk{t),vk{t)\ + iAvk{t),-^^Vk{t) 



Since = iPoVk and Pd is self adjoint in L^{Q,) we have 

^^N{t) = -i{[PD,A]vk{t),Vk{t)) 
4 

Now on the support of 1 — we have \x\ > -^Rq. It follows from (4.5) (z) that [Pd, A] = 
[P, a] . Therefore we have, 

r d 



(7.25) 



—N{t) = ® + ® + (D where, 

® = -i ([P,(^i]A^(l - <fii)vk{t),vk{t)) , 
(D = i ([P, Ar] (1 - ^i)vk{t), (1 - 'pi)vk{t) 
(D = - ((1 - <p,)X^[P,^,]vk{t),Vk{t)) . 

20 



Since Ai = A$^, Lemma 7.5 shows that the support of Ai is contained in {x : \x\ > 2i?o}. 

By (7.21) the Poisson bracket (p, v'l} has its support in i^x : ^Rq < \x\ < ^-Ro|- It 

follows that {p, (/?i}Ai = from which we deduce that [P, <^i]A]", is a zero*'^ order 
operator. It follows that 

(7.26) I (D\ + m<C\\v,it)fmn)- 

Using the sharp Garding inequality, (ii) in Corollary 7.6 and (7.20) we see that 

@ = - {-{Hpx,y{i - ifii)vk{t), (1 - ifii)vk{t)) + o {\\vkml^in)) 



(7.27) 



< 



{x) 2 b{x,hkD,){-A)-^{l-^^)vk{t) ^,,^,+C\\vk{t)\\h^ny 



It follows from (7.24), (7.25), (7.26), (7.27) and (7.22) that 



(7.28) N{t) + 



i+i' 



X 



bi {x,hkD^){l-(pi)w,^{t) 



2 


dt < c [ 


L2(l 


" Jo 



CT 



Using the Gronwall inequality we see that N{t) < N{0)e 

Now A^(0) < C||'yfe(0)||^2(n) < C ||wfe||^2(n)- Thus using again (7.28) we obtain 

(7.29) \\h{x,hkD,){l-<pi)wk{t)\\l,^^^dt^O{l) 

by (3.7), since (x) ^ f=i 1 on the support of hiix^h^Dx). 

Now since (pQ{t)il)[h\Dt) is bounded in L?{R) Lemma 7.7 foUows from (7.29) and (7.23). 

□ 

End of the proof of Theorem 7.1 

Applying Lemma 7.7 to the subsequence (Wcr(fe)) and using Proposition 5.1 we see that 
( /i, a ) = with 

a(a:,t,C,T) = [(l - fpi{x))^o{t)il;{T)hi{x,^)\ 

Since by (7.21), (7.22) we have a(a;0) ^O) Co) '''o) 7^ we conclude that mo ^ supp /i. 
The proof of Theorem 7.1 is thus complete. 



□ 



8. End of the proofs of Theorem 3.1 and 2.1 
8.1 End of the proof of Theorem 3.1 
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According to Corollary 6.2 we will reach to a contradiction if we show that the measure 
IJ, vanishes identically. Recall that 



supp C E = I (x, t, ^, r) G T 



*jn,d+l 



X 



en, te [o,T], T + p{x,0 = o}. 



Let m = {x, t, ^, r) G E and a — n{m) G S^. The assumption (2.6) tell us that we can find 
So G M such that for all s < sq we have r(s, a) C T*M \ {0}, r(s,a) = (a;(s), t, ^(s), r) 
where (x(s),^(s)) is the usual flow of p and lim \x{s)\ — +oo. 

8—^ — 00 

Then we have the following Lemma. 
Lemma 8.1. One can End si < sq such that with the notations of Theorem 7.1 

(^) |a;(si)| >3i?o, 

d 

(n) J2 < -^S\x{s,)\ |^(si)|. 

j,k=i 

Let us assume this Lemma for a moment. 

Since r + p(a;(si) , ^(si)) = t + p(x(si), ^(si)) = (because r(s,a) C S^) we deduce 
from Theorem 7.1 that (a:;(si), t, ^(si), r) = r(si,a) = tt"-^ (r(si, a)) ^ supp/i (tt is the 

identity on T*M^+^). By Theorem 5.3 we have 7r-i(r(0,a)) = 7T~^{a) nsupp^t = 0. 
Since m G 7r^^(a) it follows that m ^ supp//. Therefore supp// = which contradicts 
Corollary 6.2 and proves Theorem 3.1. 

Proof of Lemma 8.1 

Since lim |a;(s)| = +oo we can find so such that 



(8.1) 

Let us set for s G ] — oo, so] 



|a;(s)| > 3i?o for s < so. 



(8.2) 



( F(s) =Fi(s)+F2(s), 

Fi(s) = a^''{x{s))xj{s)^k{s), 
j,k=i 

[F2{s) = 36\x{s)\ |e(s)|. 



Let us remark that since \x{s) \ > SRq we have a^'^(^x{s)) = a^'^(^x{s)). 
We have 



(8.3) 



xjis) = 2j2a"'{xis))Us) 



k=l 

d 



p,q=l 
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and by assumption (2.5), |Va;0-'(a;)| = o ^"|^^ 1^1 ~^ +00. 

Using (8.1), (8.3), (2.5), the ellipticity condition (2.3) and taking Rq large enough we 



find by an easy computation that 



(8.4) 



-^F,{s)>C\^{s)\\ se] -00,80] 



for some fixed constant C > 0. 

Using again (8.3) and the same arguments we see easily that 



(8.5) 



-F,{s)<C'6m\\ 



It follows from (8.4), (8.5) and (8.2), taking 5 small enough, that for s e ] — 00, so] we 
have 

^/(s) > Co \as)f > C,p{xis),as)) = Cip(x(so),e(?o)) > C2 \^{so)f. 
Integrating this inequality between s and sq we obtain 

F{s)<F{so)+C2\^{so)f{s-so). 

Since the right hand side tends to —00 when s goes to —00 we can find si < such that 
F{s) < when s < si. 



□ 



8.2 End of the proof of Theorem 2.1 

We shall need the following Lemma. 
Lemma 8.2. Let 9 e C^(M), Xo e C^(n). There exists C > such that 



for every h e]0,l\ and v e L'^{Q). 



L2(n) 



Proof 

See section 9.3 

Now it is classical that one can find ip, 9 in Co°(M) such that 



suppip G {t : |t| < 1}, supple |t : - < |t| < 2 ^ and 

+00 



□ 



V'(t) + ^ ^(2-Pt) = 1 for all t e 

p=0 
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By the functionnel calculus we see easily that 

+ CXD 

iP{Pd) + ^ 6'(2-PPij) = Id and 



(8.6) 



p=0 



+00 



li^(O) < C ( WHPdM,.^^^ + E \\e{2-^Pn)v\\,.^^^ 

p=0 



Let u{t) = e**-^^tto. Using (8.6) we see that 



(8.7) 



Xo^c'^W <C(®+(D) where 



L2(n) 



®=\\i^{PD)xoPD<t) 

+00 

® = J2\\e{2-PPn)xoPiu{t) 



L2(n) 
1 



p=0 



2 

L2(n) 



We have 



OX 2 



ij{PD):XoPD]n{t) + Xoi^{PD)Plu{t) ) 



Using Lemma 8.2 with /i = 1, the fact that the operator il^i^P^^P^ is L'^{Q) bounded and 
the energy estimate we deduce that 

(8.8) ® <C||«o||i2(n)- 

On the other hand we have 

f (D<C((3)+ « 



(8.9) 



+00 1 
= Y,\[0{^-''PD).X^Pl]u{t) 

p=0 

+00 1 
= Y,\xoPl0{2-^PD)u{t) 

p=0 



2 

L2(n) 



2 

L2(n) 



Using Lemma 8.2 we can write 



(+00 



2 

lL2(n); 
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so by the energy estimate 
(8.10) 



1 1 2 



To handle the term ® we use the Theorem 3.1. Let ^ e Co°(lR) be such that 

supp^ C \t : i < |t| < sl, 6{t) = 1 on the support of 6* and < ^ < 1. Then 



It follows from Theorem 3.1 that 



^0 



+ CX3 



'dt < c^\l^e{2-ppD)uo 

p=0 



2 

L2(n) 



Now we have 



+ 00 



p=0 



' + 00 



< I e{2-Pt) I < Mo, for all t e 



r~ - 1 ^ 

It follows that the operator ^(2 ^Pd) is L^(f2) bounded, therefore 



p=0 



(8.11) 



' dt < C llwoll r2 



L2(n) 



It follows from (8.7), (8.8), (8.9), (8.10) and (8.11) that 



L2(n) 



dt < C ||wo||l2 



□ 



which is the claim in Theorem 2.1. The proof is complete. 

9. Appendix 

9.1 The geometrical framework 

We recall here the definition of the generalized bicharacteristic flow in the sense of 
Melrose and Sjostrand. For this purpose we follow Hormander [Ho] . 

Let M = nxRf We set T*M = T*M \ {0} \JT*dM \ {0}. We have a natural 
restriction mapTr : T*Rj^"^ — > T^M (which will be describe more precisely in local 

coordinates below) which is the identity on T*W^^ \ {0}. 
With p defined in (2.2) we introduce the characteristic set 

s = {(x,t,e,T)eT*M'^+\ xeH, te[o,T], t + p(x,0 = o}, 

and we set = 7r(S). 
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Definition 9.1. Let C e T*dM \ {0}. We shall say that 

(i) C is elliptic (or Q e £) iff 

(ii) C is hyperbolic (or ( e H) iff # (tt-^C) n E} = 2 
(m) C is glancing (or Q e G iff ij^ (tt'^C) H E} = 1. 

Let us describe tt and these sets in local coordinates. As we said before, n is the identity 
map on r*]Rj5+^ \ {0}. 

Near any point of dM we can use the geodesical coordinates where M is given by 

e M X R'^-^ X R : xi>0}, 

dM is given by | (xi, x', t) : Xi = O} and r+p(a:, ^) is transformed to ^\ + r{xi^x\ +r. 

In these coordinates if p e T*M|^+^ \ {0} then p = (O, x' ,t, ^i, ^' ,t) and 7r(p) = 
(a;',t,f,r) eT*dM \{0}. 

Now let C = (^', t, r) G T*aM \ {0}. Then 

(9.1) hen^ r(0,a;',r)+T<0, 

[ Ceg; ^ r(0,x',O+T = 0. 

When C e then 7r-i(C)nE = {(O, x', C', t)} where 



(9.2) ^t = ±(^-{r{0,x',e)+r)y. 

When Ceg then 7r-i(C) HE = { (O, ,x', t, 0, f , r) }. 

For the purpose of the proofs it is important to decompose the set Q of glancing points 
into several subsets. The following definition is given in local coordinates but could be 
written in an intrinsic way (see [H]). We shall set 

(9.3) ro{x',e)^r{0,x',e) 

dro d dro d 

and will denote the Hamilton field of ro namely Hrr, = ttit 7—7 — 7—7 77-7 • 

04 ox ox Ot, 

Definition 9.2. Let C = (x', t, r) e g. We shall say that 

Ot 

(i) C is diffractive (or ( e Gd) iff tt- (O, x', < 0, 

0x1 ^ ' 

{ii) C is gliding (or ( e Gg) iff ^ (O, x', > 0, and we set G^ = Gd^ Gg, 

{Hi) C, belongs to G'^, k > 3 , iff 



We can now give the meaning of the assumption made in (2.7). 
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Definition 9.3. We shall say that the bicharacteristics have no contact of inGnite order 
with the boundary if 

+00 

k=2 

We are going now to make a brief description of the generalized bicharacteristic flow 
and we refer to [M-S] or [Ho] for more details. 
First of all we introduce some notations. 

We shall denote by 7(5) = (a;(s), ^(s)) the usual bicharacteristic of p in T*Q defined by 

(*W,«W)=(|(7W),-|(7W))- 

We shall denote by 7g(s) = [x'g{x) , ^g{s)) the gliding ray in T*dQ defined in the geodesic 
coordinates by the equations 

*iw.«iw) = (^bw).-^(7»w)) 

where Tq has been introduced in (9.3). 

The generalized flow lives in Sj, C T^M and for a G Sj, is denoted by r(s,a). Since 



we shall 



is the disjoint union of n T*M, n 7i, n Qd, n Gg and n j |J ) 

\A;>3 / 

consider separatly the case where a belongs to each set. Moreover each description of 
r(s,a) holds for small \s\. 

Case 1 : a e Eb n T*M 

Here a = {x, t, ^, r) where a; e il, t e [O, T] , r + p{x^ ^) = 0. Then for small \s\ we have 

V{s,a) = {x{s),t,i{s),T)(lT*M 

where {x{s),^{s)) is the bicharacteristic of p starting from the point {x^^). 
Case 2 : a e Eb n 

In the geodesic coordinates we have a = (x', t, r) and the equation +r (O, x\ +r = 
has two distinct roots ^J*", described in (9.2). For s > (resp. s < 0) let 7''~(s) = 
(x"'"(s), ^+(s)) (resp. 7~(s) = (x~ (s), ^~(s)) be the bicharacteristic of p starting for s = 
at the point (O, a;', ^J*", (resp. (O, x', ^j^, ^')). They are contained in T*Vt for small 
|s| ^ 0. Then r(0,a) = a and 



r(s,a) = 



(a;+(s),t,^+(s),T), 0<s<£, 
(a;-(s),t,e~(s),T), -e<s<0. 
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Here T{s, a) C T*M for s ^ 0. 
Case 3 : a G Sb n 

Here a = (x', t, r) and the equation + r (O, x', + r = has a double root = 0. 
Let 7(s) = (a:(s), ^(s)) be the flow of p starting when s = at the point (O, x', = 0, ^'). 
Then we have 

r(s, a) = {x{s), t, ^{s), t) C T*M, < |s| < e. 
Case 4 : a e n 

As above a = (x', t, r) and = is a double root. Let 7g(s) = (a;^(s), ^'g{s)) be the 
gliding ray starting when s = at the point (x', ^'). Then we have 

T{s,a) = {x'g{s),t,egis),T) C T*aM, \s\ < e. 

/ + 00 

Case 5 : a e Sfe n IJ ^ 

\fe=3 

Let a = (x',t,^',r). Let 7g(s) = (a^g('S), ^^(s)) be the gliding ray starting when s = 
at the point (a;',^'). Then (see Theorem 24.3.9 in [Ho]) one can find e > such that with 
/ = 0, £ we have either 7g(s) G Gg^Ms G / and then r(s, a) = t, ^^(s), r) C T*aM, 

Vs G /, or 7g(s) G ^d, Vs G / and then r(s, a) = (x(s), t, ^(s), r) C T*M, Vs G /, where 
is the bicharacteristic oi p starting when s = at the point (0,x',^i = 0,^'). 

The same discussion is independently valid for — £ < s < 0. 

Remark 9.4. Let a G and r(t, a) be the generalized bicharacteristing starting for t = 
at the point a. Then the above discussion shows that one can hnd e > such that for 
< \t\ < e we have r(t, a) C T*M U Qg. Let us note (see [MS]) that the maps s ^ r(s, a) 
and a ^ r(s, a) are continuous, the later when T^M is endowed with the topologie induced 
by the projection n. Moreover we have the usual relation Fit + s,a) — r[t, r{s, a)) for s, t 
in M. 

9.2 Proofs of Theorem 5.2 and Theorem 5.3 
a) Proof of Theorem 5.2 

According to (5.1), (5.2) it is obvious that 

supp A* C {(x, t, t) G T*K'^+^ : a; G H and t G [O, T] } 

Therefore it remains to show that if mo = (iCO) ^O) Co; ''o) with xq G il, to £ [O^^]; but 
To +p(a;o,Co) 7^ then mo ^ supp//. 
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Case 1 : assume xq E ft 



Let £ > be such that B(xo,e) C Q. Let ip e Cq° [B(xo,e)), ip = 1 on B ^xq, and 

e Co°(0), = 1 on supp (p. Let a e Co° x M^j such that tTx supp a <Z B ^xq, and 

1 

X e Co° (^t ^t)- RecaU that we have set Wk = l[o,T]'^nWk with Wk = hj^ 0{h\PD)u}~ 
and that (tUfc) is a bounded sequence in ( [O, r] , Lj^q(,(R'^)) (see Proposition 4.1). Now 
we set 



(9.4) h = {a{x, hkDa,)x{t, hlDt)ifihl{Dt + P{x, D,))Wk, ^Wk)^,^^,+, 



) 



We have hi {Dt + P{x, D^)) = hlDt + P2{x, huD^) + h^Pi (x, huD^) + hlPo{X) where 
Pj{x,^) are homogeneous in ^ of order j. 

Using the semi classical symbolic calculus and the fact that [IpWk) is bounded in 
L^(R^+^) we see easily that the terms in Ik corresponding to hkPi{x, h^Dx) and h\PQ{x) 
tend to zero when k — > +oo. It remains to consider the term P2[x, hkDx) ■ But by the 
semi classical calculus 

a{x, hkDx)xit, hlDt)ifi{hlDt + P2{x, hkDx)) = Op{ax{r+p)) + huRk 

where Rk is a uniformly bounded semi classical pseudo-differential operator in L^(]R'^+-'^). 
Therefore the term in Ik corresponding to hkRk tends to zero. 
It follows from Proposition 5.1 that 

(9.5) lim I^^k) = ( (t- + p)ax ) 

K— >+00 

On the other hand we have since \Dt + P{x, Dx)'\uk = in x and (f e C'^{VL), 

(9.6) ^{Dt + P(x, Dx))Wk = ip{wk{0)St=o - Wk{T)5t=T) 

Lemma 9.5. Letl<p< +oo, x e C^(IR x IR) and £ > 1. Then there exists C >0 such 
that ^ 

for every < h < 1. 
Proof 

Let ip e Co°(M), ip{t) = 1 on a neighborhood of Tr^suppx- Then ipx = X- Now 
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On the other hand x{ti 't) = '4'{t)x{(^i ''") + ~ (^)x{^i '^i where x £ has compact 

support in r. It follows that 



(9.7) 



t — a 

17 



+ (D with 



1 d 

Noting that (t — a)e*(*~"^^ = 7 5r^*'^*~''^^ making an integration by part, we see easily 
that 

(9.8) 



®| <C\i;{t)\h^ 



— {t, h^T, a) 



^(^,T, a) 



dr 



Then the Lemma follows easily from (9.7) and (9.8). 

Now we see from (9.6) that Ik is a sum of two terms of the form 

Jk = (a(x, hkD^)(pwkia)hlx{t, hlDt)St=a: ^Wk) , a = or T 

Since {(pWk) is bounded in L^(]R'^+^) we see that 

l^fel^ < C ||a(x, /ifeL>^)^«;fe(a)||^2(Kd) ||^fcX(^, ^fe^c)5t=a||^2(R) 
so using Lemma 9.5 with p = 2 and £ = 2 we deduce that 

Rfcl^ < C/i^^ \\uk{a)\\l2(^Q^ hl<Chk ||^fc||i2(n) 
by the energy estimate. It follows from (3.7) that 



□ 



(9.9) 



lim /fe = 

/e— >+oo 



Using (9.5) and (9.9) we see that (//, (r + p)ax) = 0. Since tq +p(iCO)Co) 7^ and 

C^(Mf X M^) ® C^(Rt X Rr) 

is dense in Cq^(W^~^^ x ]R'^+^) we deduce that mo = (xq, to,Co,To) ^ supp 
Case 2 : assume xq G 5f2 

We would like to show that one can find a neighborhood Uxq of xq in such that for any 
aeC^ {Ua;o X Mi X M| X M^) we have 

(9.10) {f,,{T + p)a) = 
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Indeed this will imply that the point mo = (a^o, to,^o, tq) (with tq + (xq, ^o) 7^ 0) does not 
belong to the support of as claimed. 

Now (9.10) will be implied, according to Proposition 5.1 and (4.1) by 



(9.11) 



lim Ia(k) =0 where 



Ik = {a{x,t,hkD^,hlDt)iphl{Dt + P)Wk,Wk)^,^^,+, 



where G Cq" (V'x,,) , = I on supp a. 

Now we may choose Ux,y so small that one can find a C°° difi'eomorphism F from Uxq 
to a neighborhood Uq of the origin in M'^ such that 

r F{Uxor)n) = {yeUo yi>o} 

(9.12) i F{Ux, n ari) = {yeUo : yi = 0} 

i (P(a;, D)Wk) o = (D^ + ^(^^ ^/)) „ ^-i) 

where is a second order differential operator and D' = (D2, • • • , -Dd) • 
Let us set 

(9.13) Vk = WkO Vk = I[o,T]Ij/i>o^^fe 
then we will have 

{Dt + Dl + R{y, D')) = in C/o X R^, y^ > 0, 

Vk\yi=0 = 



(9.14) 



Making the change of variable x = F ^(y) in the right hand side of the second line of 
(9.11) we see that 

Ik = {b{y, t, htDy, hlDt)i^hl{Dt + Dl + R{y, D'))Vk, Vfe)^.(R.+i) 

where b e {Uq X ]Rt X X M^) and ip e Cq° (C/q) ; V' = 1 near tt^ supp b. 
To prove (9.11) it is sufficient to prove that 

(9.15) lim Jfe = lim (TV'o(yi)V'i(y')^fe(^* + ^1 + ^0)^^' ^k) L^R<i+i) = 

where T = e{yi, hkDi)<5{y' , hkD')x{t, hlDt) , e^x e Co°°(f/o x x x M^), V'oV'i e 
C^(C/o) and V'oV'i = 1 on 7rysupp6'$^. 
Now according to (9.14) we have 

(9.16) 

= -zlKi>oVfe(0, •)5t=o + ilxi>OVk{T, ■)5t=T - *I[0,T] (-DiVfe|a;i=o) <8) 5x1=0 
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Therefore (9.11) will be proved in we can prove that 



lim Ai = 0, j = 1, 2, where 

fc— >+oo 



(9-17) \ Al = (^(y,/ifeL»i)$(y',/ifcD')x(t,/ilA)VoV'i/ifeIj/i>o^fe(«r)<^t=a,"t^fc) ,a = 0,T 
Al = {e{yi,hkDx)^{y',hkD')x{t,hlDt)^Q^ihl\io,T]{DiVkU^^ 



Since the operator 9{yi^ /ifc-Di)$(y', h^D') is uniformly bounded in 
with V2eC^(?7o), ^^2 = 1 near tt^ supp 9^ 



we can write 



2 2 
L2(R<i) IIV'2Vfc||^2(K<i+i) 



\Al\ <C\\hlx{t,hlDt)S 
By (9.13), the energy estimate and Proposition 4.1 we have 

\\i^oi^i'^y^>oVk{a, ■)\\l2 < C \\wkia)\\l2^a) ^ <^ \\^k{a)\\% < C h^^ ||wfe||i2 
\\^2Vk\\l. <c£\\ {^2 o F)wk{t, Olll.^^) dt = 0{1) 
Using Lemma 9.5 with £ = 2, p = 2, we obtain 



(9.18) 



Ull < Ch 



To estimate the term A"^ we need a Lemma. 

With Uo introduced in (9.12) we set = {y e Uq 
smooth solution of the problem 



2/1 > O}. We shall consider 



(9.19) 



{Dt + Dl + R{y, D')) u = Q in U+ x Rt 



Lemma 9.6. Let x ^ [Uq] and xi e (Uq) on supp X- There exists C > such that 
for any solution u of (9.19) and all h in ]0, l] we have 



T / T 

I ||(x/iM|,,=oW||' dt<c /■ 5^ ||xi(/^^)M^)l£2(^+) + 

''^ \a\<l 



h'^{hdiu)(0) 



+ 



h^u{T) 



Corollary 9.7. One can find a constant C > such that 



h^x<Q) 

h^{hdiu){T) 



£\\ixhkdivk)^^^^,{t)f^jt < c||j^^||x«^fe(t)||i2(^)dt + ||Sf°||^,^^)j =0(1) 
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where Vk has been defined in (9.13) and x £ Cq^ 
Proof of the Corollary 



We use Lemma 9.6, (9.13), (9.14) the fact that Wk = h^. ^ 0{h\PD)uk Lemma 6.3(ii) 
and the energy estimate for Uk- 



□ 



Proof of Lemma 9.6 

Let us set with = (^M+ x R^r^) 

{l=Y. \\Xi{hDru{t)\\% 



|a|<l 

(9.20) { 1 

"=5: 



3^0 



L2 



, ao = 0, ai = T 



L2 



By (9.19) we have 



2 Re / {xh {Djuit) + R{y, D')u{t)) , xhdiu{t)) ^,dt 



-2Im / {xhdtu{t),xhdiu{t)) ^dt 
Jo 



(9.21) 

By integration by part we have 

/ {xhdtu{t),xhdiu{t))^^dt- / {xhdiu{t) , xhdtu{t)) 
Jo Jo 

= I {{^^x^)hu{t)Mtu{t))dt + 0{\\) 
Jo 

Since hdtu{t) = —ihDlu{t) — ihR{y, D')u{t) integrating by part and using the fact that 
«|yi=o — we find that 

[ {{dix^)hu{t), hdtuit))^, dt = 0(I) 

It follows that 
(9.22) 
Now 



Im / {xhdtu{t), xhdiu{t))^,dt = 0(I + II) 

^0 



{Xhdlu{t),xhdiu{t))dt 

{xhdiu{t)) 



2 



+ 0(I)- / {xhdMt).xhdlu{t))^,dt 
) Jo 
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from which we deduce that 



(9.23) -2Rc / {xhdlu{t),xhdiu{t))^,dt^ {xhdtu{t)) 
Jo Jo 



|j/i=0 



-1) 



dt + 0{I) 



Finally using again integration by parts, the fact that R is symmetric and D'tt|y^=o = 
we find that 



(9.24) 



2Re / {xhR{y,D')u{t),xhdiu{t))^,dt = 0{l) 
Jo 



Then the Lemma follows from (9.20) to (9.24). 

Let us go back to the estimate of A^. defined in (9.17). We have 



□ 



r 



U2Vk\\ 



L2(Md-i) 

Applying Lemma 9.5 with p = 2, ^ = 1, Corollary 9.7 and Proposition 4.1 we obtain 



L2(K<i+i) 



(9.25) 



\Al\ < Chu 



Using (9.18) and (9.25) we deduce (9.17) which implies (9.11) thus (9.10). The proof of 
Theorem 5.2 is complete. 

□ 

The measure on the boundary 

Let us denote by ^ the normal derivative at the boundary dO,. By Corollary 9.6 we see 

I[o,T]^fe(-^-^) j is bounded in L^(Mt x L'^{dVL)). Therefore with 
the notations in (5.1) and Proposition 5.1 we have the following Lemma. 

Lemma 9.8. There exist a subsequence (T1^o-i(A:)) of (VFcr(fe)) ^ measure u on T* (^dfl x 
Rt) such that for every a e C^{T*{dn x R*)) we have with 



L2(anxMt) 



(9.26) 



lim J^^(fc) = (z^, a) 

fc— »+oo 



Proof of Theorem 5.3 

We begin this proof by considering the case of points inside T*M. 
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Proposition 9.9. Let mo = (a;o) Co; to, tq) G T*M and Umo ^ neighborhood of this point 
in T*M. Then for every a e we have 

(9.27) {ii,Hpa) = 

Proof 

It is enough to prove (9.27) when a{x, t, ^, r) = ^{x, C)x(^) ''") with tTx supp $ C C il. 
Let (p e CQ°(f2) be such that (p = 1 on Vx^. We introduce 



(9.28) '^fc 



($(a;, hkDx)x{t, hlDt)(phl{Dt + Po) I[o,T]«!fc> I[o,T]m)L2(oxR) 
- hkDx)x{t, hlDt)<pl[o,T]Wk, hl{Dt + PD)'S-[o,T]Wk) mnxR 
We claim that we have 
(9.29). hm Ak = 

The two terms in are of the same type and will tend both to zero. Moreover since 

TTx supp $ and (p have compact supports contained inside O we have in the scalar product 

1 1 

{Dt + PD)wk = {Dt + PD)tyfc = 0. Since Dt{t[o,T]Wk) = T«^fc(0) ^ St=o - -jWk(T) ® St=T, 

t t 

(9.29) will be proved if we show that 



(9.30) 



limSfc = where 

Bk = {x{t,hlDt)6t=ahk^{x,hkDx)(p{x)wk{a),lio,T]Wk) L2(^^^Ry(^ = 

Now we have 

-T 



\Bk\ < 



J \x{t,hlDt)6t=a\ i^j hk\^{x,hkDx)(p{x)wk{a)\ \wk{t)\dx^dt 



Using the Cauchy-Schwarz inequality in the second integral and the fact that Wk{t) = 
1 

^k ^ij^^PD)uk{t) we obtain 

\Bk\ \x{t,hlDt)6t=a\\\uk{a)\\L2^Q)\\uk{t)\\L2^^^dt 
It follows then from the energy estimate on [O, T] and Lemma 9.4 with £ — 2, p — 1 that 

\Bk\<C\\ul\\l,^^^<^ by (3.7) 
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Thus (9.29) is proved. 

Let us now compute Aj. in another manner. We write 



(9.31) 



k 



($(a;, hkD^)x{t, hlDt)cphlQjl[o^T]Wk, ^[o,T]Wk) l^qxR) 
- {^{x, hkD^)x{t, hlDt)<fil[o,T]Wk, /tfe<5feI[o,T]W!fc)i2(nxM)] 



^ with Qi = Dt, Q2 = Pd {x, -Da;) 
We claim that we have 



(9.32) 

Indeed we have 



hm = 



fe— >+oo 



^k = -hk [ ^{x, hkD^) — {t, hlDt)(fil[o,T]Wk,'^[o,T]Wk 



Therefore we have 



\Al\<Chk / ^Wk{t) 



L2(n) 



dt 



where (p e Cq°{CI), (p = 1 on supp<^ and (9.32) follows from (4.1). 
Now since Pd is self adjoint on L^(f2) we can write 



(9.33) 



-r- {[^X'P,hlPD]<p'S-[0,T]Wk,<P'S-[0,T]Wk) 
i^k 



L2(nxii 



It is easy to see that h^Po = ^fe Pj{x,hkDx) where Pj{x,^) is homogeneous in ^ 

of order j. Moreover in the semi classical pseudo-differential calculus we have \P, Q\ = 

h 

— Op[{p, q}) + h\R where R is bounded. Using the fact that the sequence {^\Q,T]W.k) 

is uniformly bounded in (R, (M'^)) we see easily that the terms in corresponding 
to J = 0, 1 tend to zero when A; — > +00. It follows that 

^fc = (Cp({*X,P})<?I[0,T]W^fc,I[0,T]«lfc) +0(1) 

Using (5.1) and Proposition 5.1 we deduce that 

(9.34) ^hm^A^(,^ = -(/.,ifp($x)> 
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It follows from (9.29), (9.31), (9.32) and (9.34) that ( /i , Hpa ) = if a = $x which implies 
our Proposition. 

□ 

We consider now the case of points mo = {xo,to,^o,Toj with xq G dQ. 

We take a neighborhood U^q so small that we can perform the diffeomorphism F de- 
scribed in (9.12). Let fi and v the measures on T*]Rrf+i and T*(^dQ x M^) defined in 
Proposition 5.1 and Lemma 9.7. We shall denote by Jl and u the measures on 
and T* (Uq fl {j/i = O} x R^) which are the pull back of /j, and u by the diffeomorphism F : 
{x,t)^ {F{x),t). 

We first start a Lemma. 

Lemma 9.10. Let a e {T*{Uo x R^)). We can End aj e (Uq x R^ x R^7^ x R^), 
j = 0,1 and 02 G C°° {T*(Uo x R^)) with compact support in {y,t,r]',T) such that with 
the notations of (9.12) 

a{y, r) = ao (y, t, r) + ai (y, t, ry', t)?7i + 02(2/, t, ?7, r) (r + ry^ + r(2/, ry')) 

where r is tiie principal symbol of R{y, D') . 

Proof 

We apply a version of the Malgrange preparation theorem given by Theorem 7.5.4 in 
Hormander [Ho]. With the notations there, for fixed m' — {y, t, rj' , r) we shall take t = rji, 
9m' — aiy, t,r],T), k = 2, bi =0, bo = t + r{y, ry') . According to this theorem we can 
write 

a{y:t,r],T) = q{m,bo,0,gm') {vi+r{y,v') + t) +ao{bo,0,gm') + Viai{bo:0: 9m') 

If we multiply both sides by a function ip = ip(i/, t, ry', r) G Cq° which is equal to one on 
the support in (y, t, rj', r) of a we obtain the claim of the Lemma. 

□ 

In the following Remark we note that we can extend fx to symbols which are not with 
compact support in rji. 

N 

Remark 9.11. Let q{y,t,r],T) = '^qj{y,t,r]' ,T)r]l where Qj G C^(R2'^+^). Let (p G 

i=o 

C^(R), 4>(r]ij = 1 if |?yi| < 1. Then , q(f) ^ does not depend on R for large 

R. Indeed let R2 > Ri ^ 1. Then the symbol q i (j) i ^ ) ^ ( ^ ) ) has a support 



Rl J \ i?2 

contained in the set {\t\ + \r]'\ < C,\r]i\ > -Ri}. Therefore 



supp /i n supp g 



Rl ^ I i?2 



C {T + ril + r{y,ri')=0,\T\ + \ri'\<C,\r]i\>R} 
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and the set in the right hand side is empty if Ri is large enough. 
We shall set ( /i , q) = ^^^^ ^ A* : 90 

We can now state the analogue of Proposition 9.9 in the case of boundary points. 

Proposition 9.12. With the notations of Lemma 9.10 for any a e {T*(Uo x Mt)) we 
have 

(/i, Hpa) = -{u, ai|y^=o> 

Proof 

Let us recall that Vk has been defined in (9.13) which satisfies 

(A + PD)vk =0 in U+ ^{yeUo : yi > O} 

Vk\y,=0 =0 

_ 1 

Vk =hf^^ {e{hlPD)wk)oF-^ 
For sake of shortness whe shall set 

(9.35) Ak = {y,t,hkDy,hlDt) , 1% = L^{U+ x Rt) 

The Proposition will be a consequence of the following Lemmas. 

Lemma 9.13. Let for j = 0,1, aj = aj{y,t,r]',T) e C^{Uo x M'^+i) and cp e C^{Uq), 

(fi = 1 on TTy supp aj . Then 

(9.36) 

((ao(Afe) + ai{Ak)hkDi) (phl{Dt + Pd) I[o,T]^^fc, I[o,T]^^fc)^2 



hk 



+ 



{ (ao(Afe) + ai{Ak)hkDi) (pl[o,T]Vk , hl{Dt + Po) I[o,T]^^fe > dy 



~T {K{Dt + Pd), (ao(Afe) + ai{Ak)hkDi) (p] l[o,T]Vk,'^[o,T]Vk) ^2 
Ilk + 



- {ai{0,y' ,t, hkDy, , hlDt)<piy^^ol[o,T] {hkDiVk\y^^o) ,1[q,t] (/ife^i'yfc|yi=o))i2(Kd-ixM) 
Here { , ) denotes the bracket in V (R^) . 

Lemma 9.14. Let b = b{y, t, ry', r) G {Uq x R'^+^) and ^ e {Uq) ,ip = lomTy supp h 
For j = 0,1 we set, with the same notations as in Lemma 9.13 

II = (h^'b{Ak)^{hkDiYhl{Dt + PD)l[o,T]Vk, ^[0,T]Vk)^^ 

Ji = I (h^H{Ak)ip{hkDiY^[o,T]Vk, hl{Dt + PD)l[o,T]Vk) dy 
Ju+ \ / 
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Then lim = lim = 

k — >+oo k — >+cxD 



Lemma 9.15. Let for j = 0,1,2, bj = bj{y,t,r]' ,t) e C^{Uo x W^) and <p e C^{Uo), 
(fi = 1 on TTy supp bj . Let us set 



= (bj{Kk)'^{hkDiyi\Q^T]Vk,^[o,T]Vkj 
Then with a{k) defined in Proposition 5.1 we have for j = 0, 1, 2 



r 2 



lim L\,-, — (a, bj-n] 



Proof of Proposition 9.12 

R 



Let 4> be as in Remark 9.11. If is large enough we have Hpa = Hpacf) ( ^ ) so by- 



Lemma 9.10 

(//, Hpa) = (^Ji, Hp{ao + air]i)(j) ^ + ^/I, {T + p)Hpa2(p 

Since Theorem 5.2 implies that (^]j,,{t +p)Hpa24) ^ = we deduce from Remark 

9.11 that 

(Jt, Hpa) = {Jl, Hp{ao + ami) > 
Then Proposition 9.12 will be proved if we can show that 

(9.37) {Jl, Hp{ao + air]i) ) = - , ai\y^ = O) 

By Lemma 9.14 the left hand side of (9.36) tends to zero when k — > +oo. 
Now by the semi classical symbolic calculus we can write 

2 

[hl{Dt + PD) (ao(Afc) +ai(Afc)/ifeDi)^] = ^6j(Afe)^i(/ifcDi)' 

^ 3=0 

2 

where bj e Cq°(Uo x M'^+^), </?i = 1 on supp<^ and {p,ao + air/i} = ^^bjrj{. So using 

j=o 

(9.36), Lemma 9.15 and Lemma 9.8 we obtain = — Hp{aQ + ai?7i) ) — <( i?, ai|y^=o ) 
which proves (9.37) and Proposition 9.12. 

Proof of Lemma 9.13 
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To prove (9.36) we use integration by parts in Di, Dyi and distribution derivative in 
Df. Only the terms containing Di give a boundary contribution. We treat them as follows 
for j = 0, 1. 



hk 



+ ^ (O' y'^ hkDy> , hlDt)(fi\y^=ol[o,T] {hkDiY Vk\yj^=o,tio,T] {hkDiY Vk\y^=o)L2^^d-i ^j^^ 



Here we have used the boundary condition Vk\yj^=o- 

Proof of Lemma 9.14 

It is enough to consider symbols b of the form b = c(y, ?7')x(^, t). 

We have hl{Dt + PD)'S-[o,T]Vk = [vkiO, ■)St=o - Vk{T, ■)5t=T] ■ It follows that is a 
sum of two terms of the form 



^ k 



x{t, hlDt)5t=ah^ c{y, hkDy,)(p[hkD^Y Vk{a, ■), I[o,T]ffc 



We have with a = or T 



^ k 



<C / \x{t,hlDt)d-, 



t=a 



hf^ (hkDi) Vk{a, ■) 



hk ^[o,T]Vk{tr) 



dt 



Since for t e [O, T] , 



hk {hkDiYvk{t, ■) 



- ^ ll"fc|lL2(n) 



2 — 0, 1, we deduce from 



Lemma 9.5 with £ = 2, p = 1 that lim 1\= lim = 0. 

Let us consider the term . It is sufficient to consider symbols b of the form 

b = i^{t)c{yMDy>)x{hlD,) 
\ 

As before we have [Dt + -Pd) I[o,T]'f^fe = - ('i^fe(0, •)^t=o — "^k^-, ■)^t=T) so will be a sum 
of two terms of the form 



hi 



hk^il^c{- ■ ■)x{- ■ ■)<p{hkDiYl[o,T]Vk , —Vk{a,-)^t=a ) dy 



Writing 



k — 



c{y,hkDy>)(p{hkDiYl[o,T]Vk, —^{a)vk{a, ■)x{hlDt)5t=a ) dy 
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we see that Ji can be estimated exactly by the same method as the term /{ above. 



□ 



Proof of Lemma 9.15 

The proof will be different for each j. We shall consider the case j = then j = 2 and 
finally j = 1. 

Case j = : we shall need the following Lemma. 

Lemma 9.16. Let $ e = 1 if\vi\ < 1- 

Let b = b{y, t, r/', r) G {Uq x R'^+^) and (p e {Uq) , (p = 1 near 7Ty supp b. Then 

hkDi 



lim lim 

Jl— >+oo fc— >+oo 



R 



6(Afc)(^I[o,T]Ij/i>o^^fe 



= 



Let us assume this Lemma for a moment and show how it implies the case j = 0. 
We remark first that 6o(A/j)l[o,T]Ij/i>o'J^fe = \i>obo{^k)^[o,T]Vk which allows us to write 

Vk = I[0,T] Ij/i >Ol^fe 

Ll = {bo{Ak)<fiVk,<fiiVk)^ 



' T 2 



hkDi 



bo {Ak)(fiVk,(piVk 



+ $ 



hkDi 



bo{Ak)(pVk,(fiiVk 



= Ak + Bk 

where (pi e Cq°(Uo), = 1 on supp<^. We have 

hkDi 



\Ak\ < 



R 



bo{Ak)Vk 



I I[0,T] Ij/l >0^'fc 1 1 (K2d+2) 



L2(R2d+2) 

Since by (4.1) ||(^iI[o,T]Ij/i>o'J^fc||£^2 ^ uniformly in A;, Lemma 9.16 shows that 



lim lim Ak — 0. Now by Proposition 5.1 we have lim -Bcr(fe) = ( A* ; ^ 



so lim lim S^(fe) = ( /1 , 6o ). 
Proof of Lemma 9.16 

If V e H^{R'^+^) we can write 



R 



bo 



dt - 



1 - $ 



hkVi 



hkVi 



hkDiv{r],t) 



dt] 



\ 



dt 



< -2 \\hkDiv\\^2(^d+i 
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Now 

hkDib{Ak)(pl[o,T]'^yi>oVk 

= Y I[0,T]Iyi>0'i^fe + ^>(Afc)l[0,T]Ij/i>o(/ife^l'i^fc) 

= Ak + Bk 

Here we have used -Di(lj/i>o'J^fe) = \i>oDiVk since Vk\y^=o = 0. 
We have 



\\Ak\\L2^^d+i^ <Chk I ||<^i«;fc(t) 11^2(0) dt 

J 



where ipi e C^(M'^). It follows from (4.1) that lim Aj, = 0. 

fe— >+oo 

_ 1 

Now since = Wk o and = /i^ 0{h\PD)u^ it follows from Lemma 6.3 that 



\\Bk\\ L2(Kd+i) - ^ j \\^'^'^k{t)\^L'2{ci)^t < C*' since 



R 



6(Afe)(/?I[o,T]Ij/i>o^^ifc 



I,2(Kd+l) 



the Lemma follows. 



□ 



Case j = 2 (in Lemma 9.15) 

Since {hkD^f = hl{Dt + Pd) - - R2{yMD') - hkRi{yMD') - hlRoiy) we 



can write 



(9.38) 



L| = Ak + Bk where 



Ak = {b2{Ak)'phl{Dt + PD)^[0,T]Vk,'^[0,T]Vk) 
Bk = {c{Ak)(pl[o,T]Vk,'S-[0,T]Vk) ]^2^ 

Ck = hk {d {hk,y,t, hkDy>, hlDt) (pI[o^T]Vk, ^io,T]Vk) 
and c = —b2{T + r) 

By Lemma 9.14 we have lim Ak = 0. By Lemma 9.15 for j — (case proved above) we 

fc— »+oo 

have ^hin^So.(/,) = (Jl , -b2{T + r)) = (/I, 62/71 ) since (^Ji , 62 (r + 77^ + r) (/> ) ^ ^ 

for all R large enough. 

Finally < M hk [ 1^^(^)11^2(0^ dt < M' hk so lim Ck = 0. 

Case J = 1 
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We have Ij/i>o(^fc-Di)vfc = {hkDi)ly^^oVk because Vk\y^=o = 0. It follows that with 
Let $ e C^(M), $(?7i) = 1 if |?7i| < 1. Then we write with = 1 on supp (f, 



hkDi 



h {Ak)(p{hkDi)Vk,(piVk 



L2(]Rd+i) 



j j bi{Ak)<f{hkDi)Vk,<fiVk] 



/ L2(Kd+i) 



It is easy to see from Proposition 5.1 that 



^liin^A,(,) = (^/.,$^|)Mi 



Now 



\B 



k\<C ||6i(Afc)(^(/ifeDi)Ffc||^2(Rd+i 



L2(Md+i) 



As in the proof of Lemma 9.16 we have 

hkDi 



R 



^iVk 



L2(Md+i) 



and using the fact that hkDi commutes with Iyi>o on v^, since Vky^^o = and usin^ 
Lemma 6.3(i), (n) we find easily that ||6i(Afc)(/?(/ifciI>i) V/cH^aj-Kd+i) ^ uniformly in k. 

Lemma 9.17. With Qa and introduced in DeGnition 9.2 we have 



' + CXD 



^fe=3 



Proof 

Let us take in Lemma 9.10a(j/, t, rj, r) = b{y, t, rj', r^rji. Since p = rji + r{y, rj') we will 
have 



(9.39) 



/X, r]iHpb-b 



dr 
dyi 



^|yi=o> 
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Let us make the change of variables 

(9.40) (y, ry, r) ^ = 2/, s = t, C = r?, C7 = T + r{y, rj)) 

It is easy to see that 











(9.41) 


< 


X 


d 








dr d 






~ dC dz' 



^ dr d dr d ^ 
dz\ da dzi d(i ^ 



It we denote by //i, ui the pull back of /j, and by $ and b — bo ^ ^, the equality (9.39) 
becomes 



(9.42) 



dr 
dzi 



-{1^1, , b{0,z',s,C,cr) 



Let us take b of the following form 



where bo e , bo > 0, and i(j e C°°(R) such that V(*) = 1, t e ( - oo, O], ip{t) = for 
t > 1 and e > 0. According to (9.42) we can write 



(9.43) 



dr 



ixi , C,\Xb - b 



dzi 

dr 



= ® + ® with 



fe 



dzi 

{V-i, fe) with 
, Ci dbo , ^ Cl dr dbo 



\fedzi 



1 / dr 



According to Theorem 5.2 and (9.40) we have supp//i C {zi > and Ci + = O}- 

Therefore on supp/ii fl supp6o we have < |o"| < Ce. 

This implies that /g G is uniformly bounded in e G ] 0, l] . 

Moreover the first and the third term in /g tend to zero uniformly with e. The second 
term can be written on supp Jii 

a dr , ,-. dbo \ z\ , , o\ , ^ 



44 



Since bo has compact support in a, for fixed a ^ this term is indentically zero for s small 
enough and it also vanish when cr = 0. 

f 1 dr \ 

Finally, since suppi/^' = [O, l] and '^'{^) = 0, -0' i'^'Q^i^^ J vanishes if e is small 

enough. Therefore we can apply the Lebesgue dominated convergence theorem and con- 
clude that 

(9.44) lim ® = 



Now let us set ^ = I (z, s, (,a) : zi = 0, a = 0, (') — ^| write 

(9.45) ® = ^ /Ii , -^boi^lA ^ + (^fii, -^boV'I^c 
If we are in we have else 2;i ^ or o" or (^z, C) > 0. In all these case we have 

ltoi„(^..',..C',^)^(ij|^(..C'))=o 

By the dominated convergence theorem the second term in the right hand side of (9.45) 
tends to zero. It follows that for s small enough we have 

®=(^Jl,,-^^{0,z',C)bo{0,z',s,C,0)lA^ + oil) 

Using (9.43), (9.44) we conclude that 

(9.46) lim( Jli,CiXb-b^\ >0 

s^o \ dzi / 

On the other hand we have 

i?i , 6(0, z', s, C, a) ) = ^ z7i , 6o ||o, z' , s, (' , ^ j i; (O, z' , (') 

dv 

We introduce B = {(2;', s, C', c^)} : u = 0, -q^IO, z' ,(') < 0} and write as before 
1 = 1b + Ific. The term corresponding to Igc tends to zero. It follows that 

^1 J|.i=o ) = ( ^1 , bo (0, z',s, C', 0)1b) + o(1) 
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Therefore we have 

(9.47) \un(u,,b\,^^o) = (^ubo{0,z',sX',0)lf__ 9r )>0 



|<^ = o,^(o,2',C')<o| 



Using (9.42), (9.46) and (9.47) we conclude that both sides of (9.42) vanish. Coming back 
to the coordinates {y, t, r], r) by (9.40) we conclude that 

for every 6o G Cq®, 6o > 0. 

Since g^dU = |(y',t,77',T) : r + r(0, y', ry') = 0, ^ (O, y', 77') < o|, Lemma 

9.17 follows. 

□ 

Proof of the propagation theorem 5.3 (continued) 

From now on we follow closely [B] , [B-G] , [G-L] and we give the details for the conve- 
nience of the reader. 

Let us set, with the notations of section 9.1 

(9.48) = T*M, = n 

We introduce for /c e N the following proposition. 

' Let C e Sft. If there exists T > such that for all s e [O, T] we have 



k 

r(s,C) e U^^' then for all si , S2 in 0, T we have 

U-'(r(si,c)) nsupp//^ ^ 7r-i(r(s2,C)) nsupp//^ 



If (Pfc) is true for all A; e N then using Remark 9.4 and a compacity argument we will 
obtain the conclusion of Theorem 5.3. 

Now (Pfe) is of global nature but as usual using a connexity argument we can reduce 
the proof by induction to the following result. 

Proposition 9.18. Let k>l. Assume (-Pfe-i) true. Let Co £ g^- If there exists s > 
such that 7r~^ (r( — s, Co)) H supp = for all s e] 0, e] then there exists 5 > such that 
TT-^ (r(s, Co)) n supp 11= <2} for all s e [0, 6] . 

Before giving the proof of Proposition 9.18 let us show that 

(Po) is true 
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Let C e ^6 and assume T{s, C) C ^° = T*M for all s e [O, T[. Then 

C = {x, t, e, r) and T{s, () = {x{s), t, ^{s),t) 
where (a;(s),^(s)) = 7(s,(a;,^)) is the usual bicharacteristic of p in T*M. Since by- 
Proposition 9.9 we have *HpiJ, = in V'{T*M), the result follows. 

Proof of Proposition 9.18 

Case 1 : k = 1 

Let Co = K, to, ^o> T^o) ^Q^=n. Then tq + r (0, a;(„ = < 0. 

1 

Let us set = {-{t + r (0, x'q.^'q)))'^ . For small 5 > we set 

V± = {(x',t,^i,f,T) : <5,|t-to| <5,|r-^ol <5,|t-To| <5,|CiTC?| <5} 

If 5 is small enough and p = (xi, a;', t, ^i, r) e [0,(5[ x (F+ U we have r + 

r(xi,x',f) < -^A. If = and p G ]0,5[ x then p e T*M = 6?° and 

— Xi -\- 2^is + s^(7(s) where \g{s)\ < C and C depends only on A and p. It fol- 

1 

1 f A\ 2 

lows that with s = ^ ( "2" ) ^® have xi{s) > for s e ] — £, O] . This shows that 

r(— s, p) G T*M for s G ] — £, 0] . Now by the assumption in proposition 9.18 and conti- 
nuity one can find P G ]0,£[ and S small such that 7r~^(T{—l3, p)) fl supp/x = for all p 
in ] 0, 5[ X V~. It follows then from (Pq) that 

(9.49) p ^ supp II for all p in ] 0, 5 [ x V~ 

Since the hypersurface {xi = O} is non characteristic for the vector field *Hp and *Hpp = 
for xi > (Proposition 9.9) the measure p, has a trace p\xi^o which belongs to T>'(y'^ U 
V~). It follows then that 

(9.50) 'Hpp = 2ei//|,,=o ® 5x1=0 mV'{]-S,S[x (V+UV-)) 
Moreover by (9.49) we have 

(9.51) //|^,=o = in y- 
Our aim is to show that 

(9.52) /X|^,^o = in V+ 

Indeed let us consider j : T*R^+i ^ T*R^+i, j{x,t, {^i,C'),r) = (x, t, ( - ^1, f ), r). 
Its follows from Proposition 9.12 that {p, Hp{ao j)) = — l^p^ Hpa). Since = j and 
|detDj| = 1 we have 

{*Hpp) oj = -*Hpp 
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Using (9.50) we see that — 2^i(a*|xi=o) °j'^^xi=o — -2ei//|^,=o(H)<^xi=o onV+UV-. Then 
(9.52) follows from (9.51). Using (9.50), (9.51) and (9.52) we conclude that ^Hp/i = on 
] -6,S[x {V+UV-). 
Let us set 

V = {{x',t,Ci,C',r) : \x' -x'o\<6i,\t-to\<di,\C -Q<Si,\T-To\<Si} 
where < 5i <^ 5. Since by theorem 5.2 we have 

supp// C {(a;,t, ^, r) : a;i > and r + + r(a;, ^') = O} and 

(] -d,d[xV)n{xi >0,T + Cl + r{x,C') =0} C [0,d[x {V+UV-) 

if Si is small enough we deduce that ^Hp/j, = on ] — S,d[x V. 

Let now ■j~^{s) — (x+(s), ^"""(s)) be the bicharacteristic of p defined for |s| < e and 
starting at the point (O, x'q, ^q) • Since x^{s) < for s G ] — £, [ and supp n C {xi > j 
we have (x+(s), Iq, ^"""(s), Tq) ^ supp // for s G ] — £, [ since ^Hpii = on ] — d,d[x V one 
can find do > such that for s G [O, Jo] , to, ^"""(s), To) ^ supp which implies that 

7r~^(r(s, Co)) n supp /X = 0, s G [O, 5o] , and proves Proposition 9.1 in the case k = 1. 

Case 2 : k>2 

We shall need several preliminary results. 
Lemma 9.19. Let {0,x'o,to,0,i'Q,To) G T*M^+i and 5 > 0. We set 

V= {{x,t,^,T) eT*R'^+^,0 <xi <5,\x'-x'o\ <S,\t-to\ <(^,|C'-Col <S,\t-to\ < 5} 

We assume that 

{{) supp II nV C {ix,t,^,T) eT*W^+^ : a;i=Ci = 0} 
(u) {0,x'g{s,x',e),t,0,egis,x',e),r) eV forallseI = ]-s,,s*[ 

Then for all si, S2 G / 

{0, x'g{si, x' , ,t,0, Cg{si, x' , ,t) G suppyu 
(0,a;^(s2,a;',^'),t,0,^^S2,a;',^'),T) G supp// 

Proof 

By assumption (i) there exists a measure /ii = jii {x' , t, r) on T*]R'^ such that /j, = 
A*i (H) Sxi=o <S) (^^i=o- Moreover we can extend that definition of {/J-, a) to smooth a = 
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a(^xi,x', t, ^1, r) which have compact support in (^xi,x', t, r) contained in V. Indeed if 

X e Co°°(M), = 1 for 161 < ^, = for iCil > 1 we can set ( a) = ( /i , > 

and this definition does not depend on x- In particular we can take a = a(x, t, 6, r). With 
the notation of Lemma 9.10, we have ai = so it follows from Proposition 9.11 that 
( n , Hptt ) = 0. By the above remark we have 

= (fj,, Hpa ) = (//!, Hpa\a;^^^^=o ) = {fii, Hr^a^^^^Q ^ = ^ , {o'\xi=o) ) 

Therefore the Lemma follows. 

□ 

Remark 9.20. (i) Let po = (0,a;(j,to,0,Co,To) e T*R'^+^. If po ^ supp// and tq + 
r{0,x'o,Q = (ithen 

(4>^o,Co>To) ^ suppzv 
Indeed one can find 5 > such that -B(po, S) D supp p, = $. 

Let a(x, t, ^,t) = b {x', t, 6, r) x{^i)Ci with support in 

{\x' - x'q\ + \t- to\ + If - + |r - Tol < 5i, l^il < 5i}. Since 

supp// C = |T + r(a;,C')|} 

we will have our assumption 

supp p n supp a C supp p n supp a n 1 16 1 < C \/^| 

If^i is small enough we wiJi iave supp an{|6| < C'v^} C B(^po,5) so supp //H supp a = 0. 
With the notation of Lemma 9.10 we have oi = x6 so, by Proposition 9.12, = {p, Hpa ) = 
— ( i^, 6). Since b is arbitrary this shows that {x'q, to, ^q, tq) ^ supp v. 

{a) Let {x'q, to, ^0, To) e n and pj = (O, x'o, to, , ^q, tq) wiere 

1 

= (- (ro + r(0,x[),f)))2. Then if {p+ p"} n supp/x = then (a;(„ to, Co, ^o) ^ 
supp z^. Indeed one can find 6 > such that 

{B{p+, 6) UB{p^, 6)) nsuppp= 

If we take a = bx^i as in (i) we will have 

supp p n supp a C supp p n supp o n I ^1 — (^i) ^ < CSi I 

JVow, if (5i « 5^ - < C6i] C {|6 -6°| < 5} U {|6 +??| < S} so 

supp a n supp p = 



49 



As in (i) we deduce that = ( Hpa ) = — (v^b). 

Lemma 9.21. Let k >2 and Co = (^^o; ^o, '''o) ^ G'^ given as in Proposition 9.1. Set 
(^) {0,x'o,C'o) = A^Othen 



(i) one can Gnd 5 > such that 



1^1 . , 
> -'-^ m the set 



Vi = {{x',t,^',T) : \x' -x'o\<5,\e -Q<S,\t-tQ\<5,\r-TQ\<5} 

(ii) one can find 5' > and /? > such that 

T{s, U) n T*dM C Vi for all s e [- /3,0], 
7r"^(r( - (3, U)) n supp = 0, where 



U = 



{(a;',t,e',T) e T*dM : \x' - x'^\ < 5\ \t - to\ < 5', \e - Col < S', \t - to| < 5'} 

n{{x',e) ■■ To+r{0,x',e)<0} 



u 



{{x,t,C,T) e T*M :0<xi <S',\x' -x'o\ < (^M^' - Col <S',\t-to\ <S',\t-to\ < S'} 

n(T+p)-i(0) 



Moreover 

case ® : k even, A > 

yC^S'nVi, TisX)egg, Vse [-/?,/?] \{0}, (Vse [-/?,/?] if A: = 2). 
case (2) : k even, A < 

yC^G'^nVi, r(s,c)GT*M, vse \{0}, (C e 6?^ if /c = 2). 

case (D : k odd, k > 3, A < 

yCeg'^nVu r(s,c)GT*M, Vse[-/3,o[, r(s,c)e^„ Vse]o,/3]. 

case ® : k odd, k>3,A>0 

vce6;'=nVi, r(s,C)e6;g, Vse[-/3,o[, r(s,C) eT*M, Vse]o,/3]. 

Proof of Lemma 9.21 

(i) H^~'^ ^'^ being continuous, the existence of 5 is clear. Moreover it has 

the same sign as A. Let us set e(s, Q = (O, a;^(s, C), C^l-s, C))- Then since C, & r\V\ 
we have for small |s| (see [H], Chap. 24) 
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Ml 

where \g{s)\ < C, C depending only on p. If ei = i^Q, e('5,C) has a constant sign on 

each interval [ — £:i,0[ and ]0,£i] ; moreover either r(s, C) G Qg or r(s,C) G T*M on 
each interval which gives the four cases described in the statement of the Lemma, (see [H] , 
Chap. 24). 

(ii) Let us prove that 

3/?o, 35' : V/3 e [0, /3o [, G [ - (3, 0] ,T{s, U) n T*aM c Fi 

Otherwise one can find sequences /3j ^ 0, 5^ ^ 0, G ] — /3j,0] and G L'^ such that 
r(s„ C) G T*dM and r(.s„ O) ^ Vi. If C, e T*aM, C, = {x'^, t.^^p r,) and if C, G T*M, 
Ci = [^i^Xj^tj^^i^^j^^j)- In both cases |a;^ -a;()| < S'j, - ^'o\ < S'j, \tj-to\ < S'j, 
\Tj -tq\ < Sj and if Q G T*M, < x{ < Sj. It follows that tj + r (x{,Xj,^'j^ 

To + r(0, 0^0,^0) = which implies that Ci ~^ (since Q G p~^{0) then). Therefore 
Q Co in T^M. Moreover since Sj ^ we have T(sj, Q) Co in T^M so in T*dM since 
T{sj, Cj) G T*dM. But Co e Vi so r(sj, Cj) G Vi for large j and we obtain a contradiction. 

Let P = inf ^/?o, and let us set that if S' is small enough then 7r~^(r( — (3,U)) fl 

supp^u = 0. We know that 7r-^(r( - /3, Co)) n supp// = 0. Let V C r*M^+^ be such that 
Fnsupp//= and7r-i(r(-/3,Co)) C V. If 

W>0, 7r-^(r(-/?,t/)) nsupp//y^ 

then there exists Sj 0, Cj ^ such that G 7r~^(r( — /3,Cj)), Pj G suppp. 

We keep the notations in the beginning of (ii). Then x{ — » 0, x'j x'q, tj — > to, Cj — >^ Ccn 
Tj- To, so Cj — Co which implies that r( — /9, Cj) — >■ r( — /3, Co)- Let us set 



r(-AC.) 



{x'^,Tj, E'j,Aj) if r( - p, Cj) G T*aM 

(X^,X;,T,-,S{,S;,A,) ifr(-/?,0) GT*M 



for J = and j > 1. 

If r(-/3, Cj) G T*aM one can find E{ such that pj = (O, Xj, Tj, S'^, S^-, A^) with 

(si)Vr(o,xj,4,s;.)+A, = o 

since pj G supp fl (r + p)~-'^(0). 

If r( - Cj) G T*M we have the same thing with pj = (x(, Xj, Tj, E{, E'^, Aj^ . 

Now in the case where r( - /5, Co) e T*M we have ^ > 0, Xj X'q, Tj Tq, 
S{ — > S5, S^- — > Sq, Aj — > Ao. Then pj G F if j is large enough which contradicts the fact 
that Pj G supp jJL and V fl supp /i = 0. 
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In the case where r( - Co) e T*dM we have X'q, E'j Tj Tq, Aq 

and X{ (for the indices j such that V[- j3,Q eT*M). 

In the both cases we have (S^) —r (0, Xq, Sq) — Aq = . 

Now (0,X^,To,±6,S^, Ao) G 7r-i(r( -/3,Co)) n (t + p)-1(0) ; therefore 
(0, Xq, To, ±^1, Sq, Aq) E V so pj e V for j large enough which is again a contradiction. 
The proof of Lemma 9.21 is complete. 

□ 

Proof of Proposition 9.18 

We are going to consider separately the four cases introduced in Lemma 9.21. 
Case ® : we have r(s,Co) e Gg for s e [-/?,/?] \ {0} Therefore 

(9.53) r(s,Co) = {x'g{s,x'o,eo),to,eg{s,x'o,eo),ro), se [-(3,/3] 
Let U be the following set. 

U = { {x', t, r) G T*dM, \x' -x'^\ < 5\\t-to\ < - Q < 6' ,\r ~ to\ < 6'} 
U{{x,t,^,T) eT*M, 0<xi <S',\x' -x'o\ <6',\t-to\ <6',\C-Q <5',\t-to\ < 5'} 

Then U = U nUi, is the set introduced in Lemma 9.21. Moreover U being an open subset 
of T^*M, 7r-^{U) is open in T*R^+^ 

By continuity one can find £o > such that r(s, Co) G U for s in[ — sq, ^o] • Then one 
can find 5 > such that if we set 

V= {{x,t,^,T) eT*R'^+\0 <xi <6,\x' -x'q\ <6,\t-to\ <S,\C -Q <6,\t-to\ < 6} 
then for s e [ — £0) ^o] we have 

7r-i(r(s,Co)) = (0,4(s,4,eO,to,0,^;(s,4,^^),To) C C 7T-\U) 
Assume that we can prove 

(9.54) supp n F C { (a;, t, C, r) e T*R'^+^ : = Ci = O} 

then Proposition 9.18 follows immediately from Lemma 9.19. 

Let p — {x,t,^,T) G supp/x n 7r~^(t/). By Theorem 5.2 we have T+p{x,^) — i.e. 
p G S. 

Let C = 7r(p) G C/ n Sb = C7. 

k-i 

If {r(-s, C) : s G [O, /3] } n T*dM C |J then since by Lemma 9A{ii) we have 

i=o 

7r-i(r(-/?,C))nsupp/x= 
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the hypothesis (-Pfe-i) imphes that tt -"^(C) Hsupp = which contradicts our assumption 
p e supp jji. 

k-i 

Therefore one can find si e [O, (3] such that Ci = r( - si, C) G T*dM but Ci ^ |J ■ 

3=0 

Since 

Ci e T{- si,U)nT*dM C Vi 

by Lemma 9.21(u) we have Ci e Then r(s, Ci) e if s e [ - /? + si, [ U ] 0, si] . 

If si 7^ we have r(si,C) = r(si,r( — si,C)) = C, & Qg and if si = we have 
C = Ci £ Q^- III both cases we have C, = (a;',t, r) and p = (O, x', t, 0, r) because 
T + r (0, a;', = 0. It follows that 

suppi^nn-\U) C {{x,t,^,T) : xi = = O} 

as claimed in (9.54). 

Case d) : here for ( eS'^nViwe have T{s, () C T*M when s e [ - /3, /?] \ {0} 
We shall show that 

(9.55) = on C/ n T*aM 

Since by Lemma 9.17 we have v U ^ Q'^^ ^ = it is enough to prove that 

supply nun {HUGg) = 

Let C e n (7i U Qg) n supp z^. 



k-1 

J 



[n-sX) ■■ se [0,p]}nT*dMc [jg 

since by Lemma 9.21(n) we have tt"^ (r(— /3, C)) fl supp /U = 0, by (Pfc-i) wc have 
7r~^(^) n supp /U = so, by Remark 9.20, we have C ^ supp u which is a contradiction. It 
follows that we can find si e [0,(3] such that Ci = r( - si,C) G G'" {Qd if A; = 2) (since 
r(— s, C) G V^i by Lemma 9.21). Moreover by Lemma 9.21, case ®, we have r(s, Ci) G T*M 
if s G [ - /3 + si, 0[ U ]0, si] . If si ^ then ( = r(si, ^i) G T*M which contradicts our 
assumption. If si = we have Ci = C ^ {Sd if k = 2) which again is impossible. It 
follows that U n supp vn (HUGg) = which proves (9.55). 

It follows from Proposition 9.12 that ^Hpp, = on 7r~^ (U). This implies that the support 
of p, propagates along the bicharacteristics of p (with (t, r) =constant). Now by assump- 
tion 7r-i(r( -s,Co)) nsupp// = and tt-^ (r(s, Co)) n {r + p)-\0) = {x{s),to, ^{s),to) . 
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It follows that for small s > we have tt ""^ (r(s, Co)) H supp = which proves Proposi- 
tfon 9.18. 

Case ® : here k is odd, A; > 3 

We claim that 

(9.56) suppiiHTT-^iU) C {ix,t,^,T) eT*R'^+^ : a;i = Ci = O} 

where U is been defined in case 

Let p = {x,t,^,T) e 7r-^(f/)nsupp//. Then T+p{x,^) = 0. Let C = 7r(p) e f/nEb = [/. 

If 

k-1 

{T{s,C) : [0,/3]}c IJe^^' 

i=i 

then (-Pfe-i) and the fact that (r(— /3, Q) Hsupp = imply that 7r~-'^(C) flsupp ji= ^ 
which is in contradiction with p G supp p,. 

Therefore one can find si e [0, (3] such that Ci ^^{- si.C) ^ { 

since C,i € Vi). Since 

we are in case (D we have 

^ fK(^)'*'^^(^)'^) ^e]o,^i] 

\ (x(s),t,e(s),T) [-/? + si,0[ 

If si ^ 0, c = r(si, r( - si, c)) = r(si, Ci) g so p = (o, x\ t, o, e', r) . 

If si = then ^ = Ci G and p = (O, x', 0, f , r) . 

This proves (9.56). Therefore we can use Lemma 9.19 and its conclusion with V such 
that 7r-i(r(s,Co)) CV C n'^U) for s G 

Now Co = (-S, a^o, Co) ^ ^o, Cg (-■§, Xq, Co)) ^ ^d, when s G ] 0, /?] and Co ^ Co if^ ^ 
so Co G if s is small enough, it follows from Lemma 9.21(n) that 7r~^(r( — /3,Co)) ^ 
supp/U = since {r(s, Co) : X e [ - /3, 0] } C U T*M, it follows from (P2), 7^-^ (Co) n 
suppp = 0. By Lemma 9.21 we deduce that (O, a;^ (s, a;o, Co) > ^o, 0, Cg (s, a^g, Co) 5 ^0) ^ 
supp/i for small s, which proves Proposition 9.18 in this case. 

Case ® 

We claim in this case that 

(9.57) supp unU = $ 

As in case (D it is enough to prove that supp vdU (1 (HL) Qg) = 0. Let C G supp vHU H 

(nug,). If 

k-1 

{n-sX) ■■ se [0,p]}nT*dMG [jg^ 
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then (-Pfc-i) and the fact that 7r~^(T{—PX)) supp// = (Lemma 9.21(u)) imply that 
7r~^{Q nsupp/x = 0. Then by Remark 9.20 we have C ^ suppzv which is a contradiction. 
Therefore one can find si e [0, 0\ such that Ci = r( — si, C) £ G'' (since Ci £ Vi) and 



r(^,Ci) 



{x{s),tas),r)cT*M, se]0,si], 
{x'g{s),t,i'g{s),T)(lT*M, [-/3 + si,0[. 



If si 7^ then C = r(si,Ci) G T*M which contradicts our assumption. If si = then 
C = Ci ^ which again contradicts the fact that C, E TiVJ Qg since k is odd, A; > 3, in 
this case. Thus (9.57) is proved. It follows then, from Proposition 9.12, that ^Hp^ = 
on 7r~^(t/) therefore on a complete neighborhood of 7r~^(Co) 

in T*M<=^+i since // = in 

xi < 0. Now (x(s, xo, ^o) ) ^0) ^0, ^o) , To) is contained in {(x,t, ^,r) : xi < when 
/? + s < 0. By propagation along the bicharacteristics of p (since *HpH = 0) we deduce 
that r(s,(^o) — {-c{sjXo,^o),to,$,(^s,xo,$,oj,Toj does not intersect supp when s > is 
small enough. The proof of Theorem 5.2 is complete. 

□ 

9.3 Proofs of the technical Lemmas 

We shall need the following elementary result. 

d 

Lemma 9.22. Let P = Dja^^{x)Dk + V where P satisEes conditions (2.3), (2.5) 

J,k=l 

and > 1. Then there exists C > such that for any z E C such that Imz ^ 0, any h in 
] 0, l] and any solution u e Hq{Q) of the problem h^Pu — zu = f with f e L^(ri) we iiave 



u 



+ \\uf < C ^' J l/ 
llm^l 



\\h^Puf + + 

where \\ ■ \\ is the norm in L^(0). 
Proof 

Taking the scalar product in L^(ri) of the equation with u we obtain 
(9.58) {h'^Pu,u) -Rez\\uf-ilmz\\uf = (/, w) 

Since (h^PujUj is real, taking the imaginary part of (9.58), we obtain 

/II 



(9.59) ||w||< 



|Im2;| 
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Now we have {h'^Pu,u) > C' ^ W^Djuf + 
and using (9.59) we obtain 



u 



so taking the real part in (9.58) 



(9.60) 



^\\hDju\\^ + 



hV^ 



u 



< 



C\z\ 
|Im2;| 



/ 



Finally we have ||/i2pw|| <2{\\z f\\ u f + || / f) so using (9.59) and (9.60) we obtain 
the claim in the Lemma. 

□ 

In that follows, we shall make a great use of the so called Helffer-Sjostrand formula (see 
[Da]) which will recall now. 

Let 9 G C(5^(R). We defined an ((almost analytic extension » of 6 as follows. Let tp G 
C^(M) be such that ^p{t) = 1 if \t\ < 1, ^{t) = if \t\ > 2. 

We set 

(9.61) 



e{x,y) = J2~^^^y'>^'^ 



{x) 



Then ^ is a function on R x M and satisfies 



de{x,y) 



< Cn \y\ as \y\ — > 0, where 



(9.62) 



-~ , 1 dO 86 , ^ , 



Let Pd be our self adjoint operator defined in (2.1). Then the Helffer-Sjostrand formula 
asserts that 



(9.63) 



e(h^Po)=--f de{x,y)(z-h^PD) ^dxdy 



where z = x + iy. 
Proof of Lemma 6.3 

(i) According to (9.63) we have (writing P instead Pd) 



(9.64) 



1 



[0{h^p),x\=— ddix,y) {z-h^P) \x 

TT ./iii2 L 



da;dy 



Now {z-h^P)\{z-h^P) \x]f = xf + h^[P,x\{z-h^P) V - x/- Thus 
\z - h'P)-\x\ = {z- h'P)-'h'[P,x] {z - h'py'f 
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Let us set ® = 



{z - h?P) \ xl / -By (9.59) we have 



® < 



Im2; 



L2 



Now [P, x] = feji^i + ho where 6j G (O) , j 0, ■ ■ ■ , It foUows that 



\\mz 



L2 



L2 



Using Lemma 9.22 we deduce that 



^^ C'h{\z\) 
\imz\ 



It follows from (9.54) that, with ^ = a; + zy, we have 



\\[e{h^p),x]f\\L2<ch de{x,y) 



R2 Im2; 



dxdy 



Using formula (9.62) and the fact that 9 has compact support in x and y we obtain (z). 
(ii) Again the formula (9.63) we have 



hDje{h^P)f\\^,<^ I d'e{x,y) hdj{z-h^P) V 



L2 



dxdy 



so using Lemma 9.22 we obtain 



hDje{h'P)f\\^,<C I de{x,y) jl^dxdy\\f\\L2<C'\\fU2 



(Hi) We have as above 



hDj[9{h^P),x]=-- f de{x,y)hDj\{z-h^P) \x]dxdy 



and 



hD, 



{z - h'P)-\x = hD,{z - h'P)-'h'[P,x] {z - h'P) 
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Using again Lemma 9.22 we obtain 



hD, 



{z-h^P) \x f 



< C 



L2 



{\A) 

llm^l 



Im^l 



L2 



+ h 



L2 



L2 ; \\m.z\ 



L2 



and we conclude as before. 
Proof of Lemma 8.2 

We proceed as above. We have using (9.63) and Lemma 9.22 



'd0{x,y) 
dd{x,y) 



L2 



< - 

Tl" 7r2 



<c 



{z-h^py'h^[p,xo]p^{z-h^py 
h 



dxdy 



L2 



Imz 



E 



hDjP^{z-h'^P) \ 



+ 



L2 



hP^{z-h'^P)~\ 



dxdy 



-L2, 



Now we have with u — [z — h^P^ E D{P) 



1 


1 


1 


1 


hDjP^u 


= h 2 


hDj{h'^P)^u 


<C/i 2 




L2 




L2 



1 1 

4 



U 



1,2 



< IT r L2 

|Im^| 

by interpolation using Lemma 9.22. It follows that 



e{h'p),xoP' 



< c 



L2 



de{x,y) 



i (1^1) 



llm^l 



dxdy II V < Ch"^ \\ v \\l2 



□ 
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